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The room in which we sit is a space.
The set of all possible temperatures in this room is also a space.
The set of all functions describing temperature is also a space.

Mathematics studies spaces of different types and connections between them.

Each branch of mathematics is a way of looking at space:

R PR R R T +
| BRANCH | WHAT IT SEES IN SPACE |
R R R i i +
Set theory Only points, no structure
Topology Which points are "close" (but without distances)
Metric Distances between points

Groups Symmetries — transformations preserving structure
Manifolds Locally like R", globally curved

I I I
I I I
I I I
| Linear algebra | Addition and multiplication by numbers |
I I I
I I I
| Funct. analysis | Infinite-dimensional spaces of functions |

One and the same physical space can be studied by all methods.
Different problems require different views.

This is a map of mathematical territory. The atlas shows connections between branches.
The branch order in the table above answers the question "what does each
branch see". The table below ("what is added to space") uses a different

order — the sequence of enrichment, from the poorest structure to the
richest, following the atlas's own scaffolding.

LT e T +

| BRANCH | WHAT IS ADDED TO SPACE |

e TN T +
Set theory Nothing. Dust — points without connections. |
Topology Fabric — notion of "nearby", connectedness, continuity. |
Groups Mobility — a catalog of allowed motions. |

Linear algebra Flatness — can add and scale.
Manifolds Curvature — locally flat, globally curved.
Analysis Measurement — functions as sensors on space.

I
I
I
Metric | Rigidity — numerical distances between points.
I
I
I

In all of mathematics there is a fundamental division:



Object — that which exists independently of the method of description.

(vector, tensor, manifold, operator)

Observer — one who chooses a coordinate system and writes down numbers.

Inv

(basis, chart, reference frame)

ariant — that on which all observers will agree.

(length, angle, rank, spectrum, topological type)

quantifiers, implication
not, and, or
quaternions, octonions
tensor, direct sum
duality, transpose

Notations
€E¢cc belongs, inclusion | V3=
nu\ intersection, union | = A v
NZQRC number sets | HO
= isomorphism | ® @
o)y e inner product, norm | V¥ AT A-?
Hierarchy of spaces — main diagram
Set
(points without structure)
I
Fmm e Fmm e +
| | I
v v v
Topological Algebraic Partial order
space (group, (Llattice)
(closeness) ring)
I I
v v
Metric Vector space
(distance) (addition, scaling)
I I
Fom - Fommmm - +

| < here both branches converge

Normed
(norm defines metric:
d(x,y) = [Ix -yl
I
Banach
(+ completeness)
I
Hilbert
(+ inner product,
angles between vectors)

Second branch (from Topological space):

Topological



space
I
v
Manifold
(locally = R")
I
Smooth manifold
(+ diff. structure)
I
Riemannian manifold
(+ metric tensor:
inner product on
tangent space)

Connection of branches:
Normed = Metric n Vector: norm uniquely
defines metric, and both structures are compatible.
Riemannian manifold: at each point p has inner product
on TpM — locally this is a Hilbert structure.

Traditional education: school - calculus - everything else.
This atlas is arranged differently.

Calculus is analysis on a concrete space R".
We first answer: what is a space in general?

Topology: what does "close" and "continuous" mean

Linear algebra: what does "add" and "multiply by a number" mean
e Groups: what does "symmetry" mean

e Manifolds: what does "locally like R"" mean

and then we show: here is how all this works on R~ (calculus).



| Physics | Heat flows from hot to cold |

oo e L +
| Calculus | oT/ot = a-92T/0x? (partial differential eq.) |
R e e R +
| Fourier | T(x,t) = X cne™{-an2t}sin(nmnx/L) |
R e R +
| Funct.Anal. | dT/dt = AT, where A = a-d?/dx? — operator in L2? |
R e R +
| Semigroups | T(t) = e~{At}To — one-parameter semigroup |
R e R +
| Probability | Brownian motion, particle diffusion |
R e R +

A1l these languages describe the same thing. The atlas shows how to move
between them. Sometimes a problem is simpler in one language, sometimes — in another.

Second problem — even more languages (flow in a pipe)

Water flows through a pipe. What is the flow rate? What are the pressure losses?

oo B T R +
| ATLAS SECTION | WHAT IT GIVES FOR THIS PROBLEM |
oo B e +
| Vectors | Velocity v = (v x, v .y, v z) — vector field |
R B e +
| Tensors | Stresses ti; — rank-2 tensor |
| | Relation T and velocity: Tij = p(ovi/oxj + ovi/oxi) |
Fom e R +
| Forms | Flow rate = [ S v-dS — integral of 2-form *v |
Fom e R e +
| Calculus | Navier—Stokes equation: |
| | p(ov/ot + (v-V)v) = =Vp + pv2v + pg |
Fom e m - R e +
| Funct.Anal | Weak solutions, Sobolev spaces W™{1,2} |
Fommmemeeeea e I N +
| Groups | Symmetry of problem: axial - Poiseuille profile |
| | v(r) = v_max(1l - r2/R?) — parabolic profile |
R R R I T +
| Dimensions | Reynolds number Re = pvL/p — dimensionless. |
| | Re < 2300: laminar, Re > 4000: turbulence |

oo R T +



PART I: FOUNDATION
e e

Philosophical foundation

A1l of mathematics and our cognition of the world arise from a sequence of acts of thinking:

@ Emptiness

|
| Act 1: Choice

1

| A subject is endowed with the ability to act upon emptiness |

| Act 2: Drawing boundaries
l

| Emptiness is cut by boundaries into images




+ ——— 4+

| Act 3: Manipulations of images
i

Universal to all living things
Do not require symbols
Direct operation with patterns

| Act 4: Categorization
)

+ ——— +

Set theory
Minimal language for describing collections of objects
Bridge between images and communication

| Act 5: Communication
i

Natural languages
Symbolic representation of images
Loss of precision in transmission

| Act 6: Verification of communication
i

Logic / Proofs
Needed due to unreliability of language
Attempt to restore original clarity of images

+ —— — 4+

I
| Act 7: Application to the world

1

Physics
Experimental science with high reproducibility
Mathematics = experimental physics

+ ——— +



Key philosophical propositions

e R L LT T +
| 1 | The universe is emptiness, perpetually redrawing its own boundaries |
D e e i e +
| 2 | Existence of an object = the possibility for someone to point to it |
e e e PR +
| 3 | Thinking = indicating which sets objects belong to |
e e e P +
| 4 | Proof = an explicit path along the map of set embeddings |
e e e PR +
| 5 | Logic and mathematics = experimental physics with high reproducib. |
e e e PR +
| 6 | To understand = to be able to represent visually |
e e e e +
| 7 | "Object" and "space" are not properties of a thing but roles |
| | assigned by the observer's act of drawing a boundary |
e e e R +

Object or space? — a question of point of view
One and the same entity can be both object and space — depending on
where we draw the boundary of observation.

Donut as object (view from outside):
We look at the torus as a whole. It is one element in the space
of all surfaces, alongside the sphere, double torus, etc.
We are interested in its global properties: genus, area, embedding in R3.

Donut as space (view from inside):
We "live" on the torus. Now we are interested in points on it, paths between
them, functions on it. For an ant crawling on the donut, the donut is
the whole world, the space in which it moves.

Both views are correct. The donut is the same object, but the act of drawing the boundary deter

Level 0: Point p on torus T « p is object

Level 1: Torus T T is a space for p
Level 2: Moduli space of tori T becomes object.

Level 3: Space of all moduli previous becomes object

1

1

1

At each level, what was space becomes object
in a space of higher level. The boundary rises.



This example is especially important because it shows how the same
physical object requires different mathematical descriptions.

| Thermodynamics| Object with parameters (P, V, T, S) |
| | "What is the pressure of gas in the cylinder?" |
| | Internal structure is unimportant — only state. |

Hydrodynamics | Space with fields v(x,t), P(x,t), p(x,t) |
(Navier—Stokes| "How does liquid flow around a wing?" |

equations) | Each point is a place where velocity, |

| pressure, density are defined. Flow itself = trajectories. |
B R R e i +
| Kinetic | Space of molecules (phase space) |
| theory | Each molecule is object with coordinates (x, v). |
| | Gas = cloud of points in 6N-dimensional space. |
B R B e T R +

Key observation:
e In thermodynamics: gas = point in state space (P,V,T)
* In hydrodynamics: gas = space itself, where fields live

* In kinetics: gas = set of particles, each of which is an object

Three different levels of description — three different answers to the question
"what here is object, and what is space".

Navier—Stokes equations, Boltzmann equation, equation of state —
these are not competitors, but descriptions at different levels of hierarchy.

Object — when we ask "what is it like?" (properties of the whole)
Space — when we ask "what is in it?" (structure inside)

This is not a property of the thing, but a property of the question we ask.

"Object" and "space" are not absolute properties, but roles.
The role is determined by the act of drawing a boundary by the observer.

Mathematics studies structures at all levels simultaneously —
and provides language for transition between them.



Set theory — basic concepts

Set theory is a view of space as dust: there are points, and nothing

more. No structure, no connections. We do not yet know which points are "nearby",
we cannot add them, we cannot measure distances. Only the bare fact:

this point belongs to this set, or does not belong.

This is the poorest view — but this is where everything begins. All other
structures (topology, algebra, metric) will be superstructures over sets.

In terms of "object—observer": at the level of sets there is no observer yet.

No coordinate system, no way to "write" an element with numbers. There are only
the objects themselves and the question: belongs or not?

A set is a collection of objects considered as a single whole.
Objects contained in a set are called its elements.

Ways of defining:
e Enumeration: A = {1, 2, 3}
e Property description: B = {x : x > 0} = "all positive x"

Special sets:
o = {} — empty set (contains no elements)
U — universe (set of all considered objects)

Two main relations

X €A "x — element of set A"
X 1is one object lying inside A |

+ +
| |
[ ) | < point x inside A
I |
+ +




e e e e e e e e e e e e e e e e mmmmmmmmmmem e e e e me e mm e m e mm e mm - -
| B<A "B — subset of A"

| Every element of B is an element of A

| (B lies entirely inside A)

I

| t ====+

I I A I

| IEECEEEICEES + |

| | | B [ | < B entirely inside A

| I + |

| t t

e e e e e e e e e e e e e e f e e e e e e e f e e e m e e e e e e e e e e e e m e e e e e e e e e e m e mmm e m e m -

Important not to confuse:
e X € A—- x is an object inside A
e BS A-B is a set, all elements of which are in A

Example: A = {1, 2, 3}
* 2 €A —yes (2 — element of A)
e {2} ¢ A — yes ({2} — subset of A)
e {2} € A — no ({2} is not an element of A, elements are numbers)
e 2 ¢ A — makes no sense (2 is not a set)
Empty set:

e o ¢ A — always true for any A
e o €A — true only if @ is explicitly specified as an element

10



Operations on sets

| OPERATION | DEFINITION | VENN DIAGRAM

I I
AuB | {x : x € Aor x € B} | S Lt
UNION |
| ALl elements that are |
| in at least one |
| I\
| | R R
| | Everything shaded
I I
______________ e
I I
AnB | {x : x € A and x € B} | Lt Lt
INTERSECTION | | / \/ \
| ALl elements that are | | |
| in both sets | | [ |
| | \ / /
| | B
| | Only intersection
I I
______________ e
I I
A\ B | {x : x € A and x ¢ B} | Lt Lot
DIFFERENCE | | /IR / \
| Elements of A that are | | IGGczH |
| not in B | | |
| I NI\ /
| | T T
| | A without intersection
I I
______________ S
+
Ac or A' {x : x ¢ A}
COMPLEMENT ' - -

|4 \ I
| I
| I /I
- - .
+

Everything except A

All elements of universe,
not contained in A

Ac = U\ A

11



Commutativity: AuB=BUA AnB=BnA
Associativity: (AuB)uC = Au(BuC) (AnB)nC = An(BnC)
Distributivity: An(BuC) = (AnB)u(AnC) Au(BnC) = (AuB)n(AuC)
De Morgan's laws:

(AuB)c =Ac n B "not(A or B)" = "not A and not B"

(A nB)c =Ac u B "not(A and B)" = "not A or not B"

Properties of empty set and universe:

AuUuwgo=A Ano=090
AuvulU-=U AnU-=A
AuAc =U AnAc =92

|A] — number of elements in finite set A.
Examples:
lg| = 0
[{a, b, c}| =3
[{1, 2, {1,2}}] = 3 (three elements: 1, 2, and the set {1,2})

Inclusion-exclusion formula:
|A uB| = |A] + |B] - |A n B|

Cardinality of power set:
If |A|] = n, then A has 2" subsets (including @ and A itself)

AxB={(a, b) : a €A, b€B}
The set of all ordered pairs where the first element is from A, the second from B.
Example: {1, 2} x {a, b} = {(1,a), (1,b), (2,a), (2,b)}

Geometrically: If A and B are segments on axes, then A x B is a rectangle.

b + Fommmme - +
| I |
+ | AxB |
| I |
A H---etmmmmmma - +----
1 2
|A x B| = [A] - |B]

12



R x R =R2 — plane
R xR xR =R3— three-dimensional space

Logic and proofs

Logical laws are a formalization of self-evident results observed
when manipulating sets — results grounded in the behavior of physical
objects in reality. However, these results need not always hold.

Philosophical foundation: thinking = classification by sets

Ultimately, all our thoughts reduce to indicating
which sets the conceivable objects belong to.

When we think "this table is wooden", we place the object (table)
in the set (wooden things). When we think "5 is a prime number",
we place 5 in the set of prime numbers.

Any statement can be decomposed into two parts:

e X — the object being discussed
e P — the set (property) to which the object belongs or does not

Examples of decomposition:

"Socrates is mortal"
X = Socrates
P = {all mortal beings}
Statement: Socrates € P

"7 is an odd number"
X =7
P = {odd numbers} = {1, 3, 5, 7, 9, ...}
Statement: 7 € P (true)

"This liquid is an acid"
x = this liquid
P = {acids}
Statement: x € P (requires verification)

13



Why this is important:
A1l logic is rules for working with membership of objects in sets.
"P and Q" = x belongs to both set P and set Q = x € (P n Q)
"P or Q" = x belongs to at least one = x € (P u Q)
"not P" = x does not belong to P = x € P¢ (complement)

Logic is a normative discipline: it prescribes how a person should
think, but does not describe how a person actually thinks.

Goals of logic:

* To be able to prove new statements based on already known ones
e To provide means for evaluating arguments for correctness

Statement — an assertion that can be verified for truth/falsity.

Examples:
v "2 + 2 = 4" — statement (true)
v "Moscow is the capital of France" — statement (false)
x "What time is it?" — not a statement (question)
x "x > 5" — not a statement while x is not defined (predicate)

Formula — a statement composed of other statements through
logical connectives (A, v, =, -, &) or quantifiers (¥, 3).

Tautology — a formula that is true for any values of its constituents.
Example: P v =P (law of excluded middle) — always true.
Tautologies are used to construct proof methods.

Propositional (logic of propositions, zero-order logic):
* Works with ready-made propositions P, Q, R,
e Connectives: A, Vv, =, -, o
e Can be verified by truth table (mechanically)

Predicate (first-order logic):
e Adds variables, predicates and quantifiers V, 3
e Allows talking about properties of objects and relations between them
* Needed for mathematics (statements like "for all n")

Variables — represent elements of some set.

Predicates — functions returning true/false for objects.
Example: P(x) = "x is even", Q(x,y) = "x < y"

Quantifiers — allow making statements about sets of objects.

14



Method 1: Truth table (mechanical, for propositional logic)
* Write out all combinations of variable values
e Calculate values of premises and conclusion
e Check: if premises = 1, then conclusion = 17?

Method 2: Ready-made methods (tautologies with known structure)
e Modus Ponens, Modus Tollens, proof by contradiction, etc.
e Don't require tables — use already proven tautologies
Fundamental principle:

Set theory is primary with respect to logic.

e Set theory = rules of operations on objects of any nature
e Logic = rules of operations on propositions of any language

Logic is a superstructure over set theory.
First we think in terms of membership in sets,
and only then give definitions to logical operations.

Fom - A R T +
| LOGICAL | DEFINITION THROUGH | VENN DIAGRAM |
| OPERATION | SET THEORY | (shaded = result) |
Fom - A R T +
I I | I
| P A Q | X e (P n Q) I ._IIIIII_. ._IIIIII_. |
| "P and Q" | x belongs to | /P N/ Q@ \ |
| | intersection | | |

I I I | [ I I
I I I \ / / I
| | | - B _II _ _ _Il |
I I I ' I
| | | Only this (intersection) |
I I I I
R TR oo e T +
I I I I
| PVO | XE (PUQ) | ._||||||_. ._||||||_. |
| "P or Q" | x belongs to | /I /I I
| | union I 1 I
I I I I

15



-P
"not P"

P =Q
"if P,
then Q"

PQ

"P if and
only if
Q"

X € Pc
X belongs to
complement

PcQ
Set P is contained
in set Q

(every x from P
is necessarily in Q)

Equivalent: -P v Q

P=0Q
Sets coincide

(P<Q) A (QcP)

U (universe)

x € U for any x

2 (empty set)

X € @ never

I\

I
I
t I
All shaded (both circles) |

I

I
I
I
I
I
+
I +
I |
I ---
.l Y \ |
1
) /I |
-
e
|+ I
| t+ Everything except P |
I I
T +
I I
| ______ wwwnowwow |
| / Q \ |
I I I I
I I | P | I I
I I I I
I \ / I
| ______ Smmmm e m n |
| P entirely inside Q |
I I
T R +
I I
s I
I / \ I
I | P=0Q | I
I \ / I
e " I
I I
I I
+
I
I
I
I
I
I
I
I
I
+
I I
I {1} I
| (nothing there) |
I I
I I
R +

16



Quantifiers (for predicate logic):

R oo Fm e e +
| QUANTIFIER | DEFINITION | VISUALIZATION |
oo P R e +
I I | I
| Vvx € A: P(x) | P(x) is true for all x | +4===========+ |
| | from set A | | =+ + | « every point |
| "for all x | I R in A has |
| from A | Equivalent: A c P I property P |
| P(x) holds" | (A is contained in set | +4===========+ |
| | of points with | AcP |
| | property P) I |
I I I I
oo A R +
I I I I
| I3x € A: P(x) | P(x) is true for at | |
| | least one x from A | |
| "there exists| | ° | « at least one |
| x from A | Equivalent: An P = o | | point with P |
| with | (intersection of A and | + t |
| property P" | set of points with P | AnPzogo |
| | 1is nonempty) | |
I I I I
Fom - A R T +
Correspondence: logic o set theory
R R +
| LOGIC | SET THEORY |
R R +
| Proposition P | Set {x : P(x) is true} |
| Logical consequence P - Q | Set inclusion: P < Q |
| Tautology | Universal set |
| Contradiction | Empty set & |
dmmme e mmeee e eaaaa Fmmmemmeemeeeeemeeeeemeaaaaaaa +

Allows mechanical verification of any formula without creativity
Works only for finite number of variables, without quantifiers V, 3

Truth table of logical operations

R e +--mmm-- e +--mmm - +
| P1QIPAQIPVQ[~P|[P=Q|P-Q]
R e +--mmm-- e +--mmm - +
lejoe| o | o |1 | 1 | 1 |
lejf1} e | 1 |1 [ 1 [ ©6 |
l1je| o | 1 o | e | ©6 |
1|1} 1 | 1 e | 1 | 1 |
L TR S +-mmme- T +-mmme- +

17



Problem: Determine the type of formula F

Input: formula F with variables Pi, P2, ..., Pn
Output: tautology / contradiction / satisfiable

Algorithm for tabular verification

+----- e +
| STEP| ACTION |
+----- e +
| 1 | Write out variables: Pi, P2, ..., Pn |
| 2 | Build a table with 2" rows |
| 3 | Compute F for each row |
| 4 | Classify the result |
+----- T +
Classification
P R L +
| RESULT | TYPE OF FORM |
P R L +
| ALl rows =1 | Tautology |
| AIL rows = 0 | Contradiction]|
| Mixed | Satisfiable |
P Fomm e +

Example 1.1: Verify (P - Q) o (=P v Q)

oo oo oo +
| P Q| P-Q] =P ] -PvQ]| (PQ) « (=P v Q) |
oo oo oo +
lele|] 1 |1 | 1 | 1 |
lel 1] 1 |1 | 1 | 1 |
1] © |6 | © | 1 |
1111 1 |6 | 1 | 1 |
R L T S TR - . +

A1l rows = 1 - tautology

Example 1.2: Verify P A =P

R L L TEr T +
| P|] =P | P A =P |
R L L T E T +
e |1 | © |
1106 | © |

18



oo +

ALl rows = 0 - contradiction

Example 1.3: Verify de Morgan's law =(P A Q) « (-P v =Q)

ek T Fommmmme e +----
| P1Q[PAQ]-(PAQ) |-P
s LTI Frmmmmme e +----
lejo] o | 1 | 1
le | 1] o6 | 1 | 1
1106 o | 1 | ©
11 1] 1 | 0 | ©
N T S IR +o---

All rows = 1 - tautology

R I +---+
| -Q | -P v -Q | « |
R . L +---+
[ 1 | 1 | 1]
| 0 | 1 | 1]
[ 1 | 1 | 1]
| 0 | 0 | 1]
Foom e +---+

Problem: determine whether B follows from premises Ai, Az, , Ax
Notation: A1, A2, ..., Ak v B
Key point: comma between premises means A (logical AND).
A1, A2, ..., Ak v B means (Ar A A2 A ... AN Ak) - B
Algorithm:
Step 1. Write out all variables from all formulas A1, ., A«, B
Step 2. Build a table with 2" rows
Step 3. For each row compute Ai, A2, ..., Ak, their conjunction, and B
Step 4. Search for counterexample: a row where (A1 A ... A A) =1, but B=20

¢ Counterexample found
* No counterexample

Example 2.1: Verify modus ponens

Denote: A1 = (P - Q), A2 =P,

B ik e +---
| P | Q| A | A2 | Ar A A2 | B
B ik T e +---
oo |1 [0 | 0 | 0
o111 [0 | 0 | 1
1166 |1 | 0 | 0
11111 |1 | 1 | 1
B ik e e +---

The only row where AinAz:=1: P=1,
In it B=1. No counterexample -

- entailment is false
- entailment is true

(P-Q) APFQ

B =Q
dommmm e +
| Verification |
ommmm e e +
| A1nA2=0 |
| A1nA2=0 |
| A1nA2=0 |
| AinAz2=1, B=1 v |
dommmmmmmeeaoos +
Q=1.

entailment is true.

19



Example 2.2: Verify modus tollens (P - Q) A -Q - —P

Denote: Ar = (P - Q), Az =-Q, B =-P

ik e S S R i +
| P | Q] Ar | A2 | Ar A A2 | B | Verification |
ik e S S R i +
OO0 ]1 |1 | 1 | 1 | AinA2=1, B=1 v |
O 1]1 | o | 0 | 1 | AirA2=0 |
|1 ]106]06 |1 | 0 | 0 | AinA2=0 |
|1 ]1]1 |0 | 0 | © | A1nA2=0 |
B i e S e i +

The only row where AinA:=1: P=0, Q=0.
In it B=1. No counterexample - entailment is true.

Example 2.3: Verify invalid entailment (P - Q) A Q- P

Denote: A1 = (P-Q), A2 =Q, B=P

B i L D R T +
| P Q] Ar | A2 | Ar A A2 | B | Verification |
B i R ST R I +
| @] 06]1 |0 | 0 | © | A1nA2=0 |
o] 1] 1 |1 | 1 | © | AinA2=1, B=0 x |
| 1]06]0 |0 | 0 | 1 | A1nA2=0 |
| 1 ]1]1 |1 | 1 | 1 | AinA2=1, B=1 v |
B e T SRR R PR +
Row P=0, Q=1: AiAA:=1, but B=0.

Counterexample found - entailment is false.
(This is the fallacy "affirming the consequent")

Limitations of the method

R T +

| * Works only for propositional logic (zeroth-order) |
| » Does not work for predicate logic (with V¥, 3) |
|  With n variables requires 2" rows (exponential growth) |
| » For n = 10 already 1024 rows, for n = 20 — over a million |

Connection with set theory:

Truth table — enumeration of all points in the space {0,1}".
Formula defines a subset (where it is true).

Tautology = entire space.

Contradiction = empty set.
Entailment (A1 A ... A Ak) F B holds & set (A1 A ... A Ak) <€ set B.

20



What does "prove" mean in mathematics?

Intuitively:
To prove = to convince any reasonable person, following the rules
that they accepted in advance.

Formally:
A proof is a finite sequence of statements, where each:
e is either an axiom (accepted without proof)
e or follows from previous ones by rules of logic
The last statement = what we are proving.

x does not explain "why this is true" (intuition does this)
x does not show how it was discovered (this is history)
x does not guarantee understanding (one can verify a proof without understanding)

A proof is verification, not explanation.
A good proof explains, a bad one — only convinces.

Fomm e oo R +
| STATEMENT | HOW TO PROVE | HOW TO REFUTE |
Fomm e oo o +
| ¥x: P(x) | Prove for | one counterexample |
| "for all" | arbitrary x | |
Fmmmemmmeeaaaas Fmmmemememeaeeemaaaaas R +
| Ix: P(x) | one example | Prove for all |
| "exists" | | that P(x) is false |
T LT T TS +
| ¥Vx3dy: P(x,y) | For arbitrary x | Find x for which |
| "for all | exhibit such a 'y | there is no such y |
| exists" [ | |
R R R +
| IxVy: P(x,y) | Exhibit such an x | For any x find y |
| "exists | holding for | violating P |
| for all" | all y | |
R R R +

Important: Examples never prove V-statements.
Even a million examples do not prove that "for all".
But one counterexample refutes.
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Constructive: Presents the object explicitly.
Example: "There exists an irrational number" — here is v2, and here is the proof.

Non-constructive: Proves existence without showing the object.
Example: "There exist irrational a, b such that a® is rational."
Consider v27V2.
If rational — done: take a = b = V2.
If irrational — take a = v27V2, b = V2;
then a® = (V2™V2)"V2 = V22 = 2 — rational.
We don't know which of the two cases holds, but one of them definitely does.

Write separately: what is given, what we are proving

At each step ask: "where does this follow from?"

Look for the key idea — usually one trick, the rest is technique
Try to break the proof — where does it use the conditions?

After reading — retell in your own words

U b WN R

If you cannot explain in simple words — you have not understood.

Proof = explicit description of a path along the map of inclusions and intersections
of sets, leading to a statement about membership of an object in a set.

R R R R +
| METHOD | STRUCTURE | GEOMETRIC INTERPRETATION [
R oo R +
I
Modus ponens | 1. P - Q (true) If object in P, and P contained
(inference rule) | 2. P (true) in Q, then object in Q
| e
Q (true) Foe - +
I Q |
"If P, then Q. | +e---- +
P is true. | | P e |
Therefore, Q" | +----- + |
+

object @ € P c Q

Solution:

1. 6 | n=n =6k

2. n =6k = 3-(2k)
3.3 | n v

{n : 6|n} c {n : 3|n}

I

I

I

I

I

I

I

I

Example problem: | Prove: if n

| is divisible by 6,
| then n is divisible
I

I

I

+
I

I

I

by 3

1
1
[
1
1
[
1
1
[
1
;
1

+

I

Modus tollens | If object not in Q, and P c Q,
(denying the 2. -Q | then object not in P
consequent) I |



» P | o e e eao +
I I Q I
"If P, then Q. | | +----- + |
Q is false. | | | P | | e not in Q
Therefore, P | | +----- + |
is false" | oo +
| - @ cannot be in P
I

REDUCTIO AD Want to prove Q Assume -Q, arrive at

ABSURDUM contradiction
(proof by 1. Assume -Q

contradiction) 2. Derive Fommme - +
contradiction PA-P| [Universe |

| |

Q is true | 1Q | -Q | « empty.
|
"Suppose the R +

opposite.
Get absurdity.
Therefore, original

If -Q empty, then all in Q

—_— 7 — — — —

is true"
Example problem: Prove v2 ¢ Q Solution:
1. Assume V2 € Q
2. v2 = p/q (in lowest terms)
3. 292 = p?2 = p even (=2k)
4. 29% = 4k? = q? = 2k?
5. = q even
6. But p,q both even —
contradiction
7. 2V2 ¢Q v
direct Given: premises Direct path from premises to
proof Pi, P2, ..., Pn conclusion through inclusions
Goal: Q Pr > P2> ... >Pn->0Q

Build chain: Each arrow = inclusion

Pi = ... =Pn=020Q of sets or logical
entailment
Example problem: Prove: n even Solution:

2k

1. n even = n
2. n2 = (2k)? = 4k?

3. = 2:(2k?) = 2m, m=2k?2
4. = n? even v

= n?2 even
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mathematical
INDUCTION

Base: P(0)
Step: P(n) = P(n+l)

"True for 0.

If true for n,

then for n+l.
Therefore, true for
all natural numbers"

Prove
1+2+...+n=n(n+1)/2

Example problem:

case analysis

"Either P or Q.
in both cases
R follows"

contraposition

"If Q follows from P,
then NOT-P follows
from NOT-Q"

Equivalent
formulations.

Prove: n2? odd
= n odd

Example problem:

 —_———————— e —— e — — —— — — — — — — — — — —— —
o
u
pe

Key idea:

24

Dominoes fall:

-0-0-0-0-. . .
061 2 3 4

If pushed 0, and each
pushes the next, then all
will fall

Solution:

Base: n=1: 1=1:2/2=1
Step: Assume true for n.
For n+1:

1+...+n+(n+l) =
n(n+l)/2 + (n+l)

(n+1) (n/2+1)

(n+l) (n+2)/2 v

| +---+ +---+ |

I T B B

| +---+ +---+ |

QCCPC

R +
| o Q|
[+--+ +--+ |
[P [Pe] ]
[+--+ +--+ |
R R +

Solution (contraposition):
Prove: n even = n? even
(we already know this)

By contraposition:

n? odd = n odd v



A1l proof methods reduce to demonstrating that some
object is located in sets nested within each other.

To prove Q = to show a path of inclusions leading to Q.

Geometric interpretation of proof methods

Each proof method has a simple visualization through nestedness
of sets on a Venn diagram. This makes logic intuitively understandable.

Modus ponens: "If P, then Q. P is true. Therefore, Q is true."

Formula: P - Q, P + Q

Geometrically:

If P c Q (circle P completely inside circle Q)
and object x € P

then x € Q (obviously)

« X in P, but P inside Q
= X automatically in Q

o

[
X
+ - — — — ¥

Example: "All students have a student ID."
"Masha is a student."
= "Masha has a student ID."

Reductio ad absurdum: "Assume the opposite. We get absurdity."

Formula: Assume -Q. Derive contradiction. Therefore, Q.

Geometrically:

Assume P c Q (P inside Q).

Suppose: object x belongs to P and simultaneously does not belong to Q.
But this is a contradiction. (x cannot be in P and outside Q, if P c Q)
Therefore, if x € P, then x € Q.

< Q¢ (complement)
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Attempt to place a point simultaneously in P and in Q¢ — contradiction.
These regions do not intersect.

Example: "Prove v2 ¢ Q"
Assume v2 € Q = we get contradiction = v2 ¢ Q

Proofs are not the pinnacle of mathematics, but a crutch to compensate for

losses during linguistic transmission. In an ideal world of telepaths, where one can
directly "show" the geometry of inclusions, formal proofs

would not be needed.

Formalization of mathematics is not rigor in itself, but a forced

measure during the transition to linguistic description. Mathematics itself exists at
the pre-linguistic level of manipulations with images and inclusions of sets.

Preliminarily: What is order?
Partial order = on set X is a relation that:
e Reflexive: x = x for any X
e Antisymmetric: x = yandy = x=x =y
e Transitive: x =syandy sz >X =12
Examples: < on sets, = on numbers, "divides" on naturals.

Logic, sets and order are three languages for describing one structure.

This is not an analogy. This is an identity. Stone's theorem (1936) proves:
Boolean algebra = algebra of sets = propositional logic
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One object — three languages

T o R T T +
| LOGIC | SETS | ORDER/LATTICE |
R R R o e +
I I I I
| Statement P | Set A | Element a |
I I I I
R R R P +
I I I I
| P A Q (AND) | AnB (intersection)| a A b (meet, inf) |
I I I I
R R R T +
I I I I
| PvQ (or) | AuB (union) | avb (join, sup) |
I I I I
R R oo +
I I I I
| =P (NOT) | A< (complement) | =a (complement) |
I I I I
R R R +
I I I I
| P=Q (implies) | A € B (inclusion) | a =b (order) |
I I I I
R oo B P +
I I I I
| truth T | Universe U | Maximum 1 |
I I I I
R oo R +
I I I I
| false 1 | Empty & | Minimum O |
I I I I
R R R R TP +
Laws — the same in three languages
De Morgan: =(PAQ) = -Pv-Q | (AnB)c = AcuBc¢ | analogously
=(PvQ) = -PA-Q | (AuB)c = AcnBc¢ |
Distributivity: PA(QVvR)=(PAQ)V(PAR)]| An(BuC)=(AnB)u(AnC) |
Pv(QAR)=(PvQ)A(PVR)| Au(BnC)=(AuB)n(AuC) |
Excluded middle: P v =P =T | AuAc=1U | av-a=1
Contradiction: PA-P=1 | AnAc =2 | aan-a=0©0
These are not "similar laws" — this is one law, written in three ways.

Lattice and Boolean algebra

Lattice = partial order, where any two elements have:
a v b= sup{a, b} (least upper bound, join)
a A b= inf{a, b} (greatest lower bound, meet)
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Boolean algebra = lattice with complement:
For each a there exists —ma: av-a=1 and a A -a=20

R e R +
| Example | v (join) | A (meet) |
R Fom e R +
| Subsets 27X | AuB | AnB |
| Divisors of n | LCM(a, b) | GCD(a, b) |
| Statements | PvQ (or) | P A Q (AND)|
| Open sets | U u U2 | Uz n Uz |
T Fom e R +

Important: Divisors of 12 — lattice, but not Boolean. (no complement for 2, 3, 4, 6)
Subsets — Boolean algebra (complement Ac always exists)

Intuitionistic logic and topology

The table above is true for classical logic (Boolean algebra).
But there is intuitionistic logic, where —==P # P and P v =P is not always true.

| Boolean algebra Heyting algebra

I I
| Subsets | Open sets of topology |
| Pv-P =T (always) | P v =P # T (not always) |
| ——P =P | -——P # P |
| AuAc =U | Uu Int(Uc) # X in general |
P R +

Why open sets:
e =U = Int(Uc¢) = interior of complement (not the complement itself)
e Uu-U=Uu Int(Uc) may not equal X
e Example: U = (0,1) on R. Then =U = Int((-»,0]Ju[l,®)) = (-»,0)u(l,x)
and Uu -U =R\ {0,1} = R.

Connection with constructivism:
In intuitionistic logic "exists" = "can be constructed".
The law of excluded middle (P v -P) is not valid, because
from impossibility to construct a counterexample does not follow the existence of an example.

Axiomatic Method — The Rules of the Game in Mathematics

An axiom is a statement that is accepted without proof.
Why without proof? Because any proof relies on

some preceding statements. If we require proving everything, we get
an infinite chain or a closed circle. A point of support is needed.
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Analogy: Rules of a Board Game

You don't "prove" that in chess a knight moves in an L-shape
e This is a rule of the game — we accept it in order to play

e Axioms = rules of the mathematical game

e Theorems = everything that can be derived from the rules

Important: Axioms are not "true" or "false" in an absolute sense.
They are agreements. Different sets of axioms give different mathematics.

History: Until the end of the 19th century mathematicians worked "intuitively".
Then paradoxes were discovered — logical contradictions.

Russell's Paradox (1901):
Let R = {x : x € x} — "the set of all sets not containing themselves"
Question: R € R or R € R?

« If R € R, then by definition of R we must have R € R - contradiction
e If R &€ R, then by definition of R we must have R € R - contradiction

Conclusion: One cannot simply create "the set of everything satisfying
a condition". Restrictions are needed — axioms defining which sets

are "legal".

Solution: The ZFC axiom system (Zermelo—Fraenkel with axiom of choice)

ZFC Axioms — Foundation of Modern Mathematics

ZFC = Zermelo—Fraenkel + Choice (Zermelo—Fraenkel + Choice)

This is a system of ~9 axioms on which almost all of modern
mathematics is built.

Notation
¥x — "for all x" (universal quantifier)
dx — "there exists x" (existential quantifier)
-» — "implies", "entails"

— "equivalent", "if and only if"
— "and" (conjunction)
v — "or" (disjunction)
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ZFC Axioms — Summary Table

T e R R T
| AXIOM | FORMULA | WHAT IT GIVES

R R R R
| 1. Extensional| (Vx: x€A o x€B) - A=B | Set = its elements.

| Extensionality] | {1,2,3} = {3,1,2}
R R e R
| 2. Empty Set | 3o: Vx: x¢o | "Zero" of set theory. |
| Empty Set | | Starting point for constructs
R R e R
| 3. Pairing | Vavb 3P: xEP o (x=avx=b) | Can create {a,b}.

| Pairing [ | Consequence: {a}={a,a}
R R L R
| 4. Union | VA 3U: x€U o 3IB(BEAAXEB) | Can merge sets.

| Union [ | u{{1,2},{3}} = {1,2,3}
R R B
| 5. Power Set | VA 3IP: BEP ~ BcA | Set of all subsets.

| Power Set [ | P({1,2}) = {e,{1},{2},{1,2}}

I I | IP(A)| = 27|A|
oo e R
| 6. Infinity | 3I: €I A (x€EI - xu{x}€I) | Infinite sets exist.

| Infinity [ | Minimal such I = N
oo R R
| 7. Separation | VA 3B: x€B o (XEA A ¢@(x)) | {x€A: ¢(x)} — legal.

| Separation [ | {x: ¢(x)} — illegal.

| | | (avoiding Russell's paradox)
o R R
| 8. Replacement| Image of set under | {f(a): a€A} — a set.

| Replacement | function — a set | Needed for large cardinals

Fom e R R
| 9. Foundation | A#z - 3IxEA: xnA=o | No x€x, no cycles a€beta |
| Foundation | | Everything built "from below"

| [ | from o

o a - L R L

Important subtlety: axiom schemas

Axioms 7 (Separation) and 8 (Replacement) are not single axioms, but schemas:
for each formula @(x) we get its own axiom.

e "Separation with ¢(x) = (x is even)" — one axiom
e "Separation with ¢(x) = (x is prime)" — another axiom
e ...and so on for each possible formula

Therefore ZFC formally contains infinitely many axioms.
This is not a problem — we can still verify any concrete
proof in finite time.
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Paradox: Let R = {x : x ¢ x}. Then R € R &= R ¢ R. Contradiction.
Solution in ZFC:
The Axiom of Separation forbids constructing {x : ¢(x)}.

Only {x € A : ¢(x)} is allowed — a subset of an already existing A.

To construct R = {x : x € x}, one would first need to have a set A
containing R. But such A does not exist (by Regularity x € x always).

Conclusion: ZFC is "freedom with responsibility". One cannot create
sets "out of thin air" — only from already constructed ones.

Philosophical meaning of axioms

oo R T +
| AXIOM | PHILOSOPHICAL INTERPRETATION |
R T e +
| Empty set | Formalization of "emptiness" — we postulate its existence|
oo R e R +
| Infinity | Infinity is not obvious, but a choice to play this kind |
| | of mathematics. One can build mathematics without it |
oo e e +
| Separation | Restriction on "naive" set creation — lesson from |
| | Russell's paradox. Freedom with responsibility |
oo R e +
| Regularity | Everything is built hierarchically from @. No "hanging |
| | in the air" or self-referential constructions |
o R e T +
Visualization: cumulative hierarchy — "tower of sets"

The ZFC axioms generate all of mathematics from nothing (the empty set).
This happens level by level — the cumulative hierarchy V a.

V w+l | P(V_w) — power set of the infinite set
| Includes R, all functions N - N,
| This is already uncountable.

_______ e e e e e e e e e e e e e e e e e e e e e e e e e e m e e e e e e e e e e e e e e mm i mm - -
I
V w | Vo u Vi UuVz2u ... — first infinite level
| Includes N, all finite sets, all finite structures
_______ e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e m e m—m =
: | :
Vs | P(Vz2) = all subsets of V:

| |Vs] = 22 = 4 elements
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....... A

V2 | P(Vi) = {2, {o}}

| 2 elements — can be identified with {0, 1}
_______ o e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e m— - -
Vi P(Ve) = P(2) = {2}

1 element — this is "1" in the construction of natural numbers

@ — empty set, beginning of everything
0 elements — this is "0"

Size growth:

[Vo| = 0

[Vi| =20 =1
[V2| =2 =2
[Vs| =22 =4

[Va] = 2% = 16
[Vs| = 2% = 65536
[Ve| = 2765536 = 10719728 — already inconceivable.

|V w| = No (countable infinity)
|V {w+1}| = 2"{Ne} = |R| (continuum)

Conclusion: All of mathematics "grows" from @ by applying one operation 7.

Where familiar objects live

R R e +
| OBJECT | FIRST LEVEL WHERE IT APPEARS |
R R e +
| 2 =0 | Vo |
| 1= {2} | Va |
| 2 = {e, {2}} | V2 |
| n (any finite) | V.n |
| N (as a set) | V. w |
| Function f: N - N | V {w+l} (as subset of NxN) |
| R (as Dedek. set) | V {w+l} |
| Function f: R - R | V {w+2} |
| Space C[0,1] | V {w+2} |
e e +

Almost all "working" mathematics lives in V_{w+w} — relatively low.
Large cardinals (inaccessible, measurable, ...) require very high V a.
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Axiom of choice — special status

Formula: VA: (VAEA: Az@) - 3f: VAEA: T(A)EA

Meaning: For any family of nonempty sets there exists a function
choosing one element from each.

The word "simultaneously" is psychological, not mathematical.
Mathematically: a choice function f exists.

There is no "process of choosing" — the function simply exists (or doesn't).

+---+ -t F---+ -+

| ®| | A | m| | | ... infinitely many boxes
ol | al ol [|o]
+---+ +---+ F---+ +---+

l l l l

[ A [ ] * « choice function f exists

Without AC in some models of ZF: the product of nonempty sets is empty.
This is not "we cannot choose", but "a choice literally does not exist".

Why the axiom of choice is non-obvious

R I e +
| CASE | SITUATION |
R R e +
| Finite number of boxes | Obvious — just enumerate (AC not needed) |
R e +
| Countable number | Axiom of countable choice (AC w) suffices |
| | — weaker than full AC |
dmmme e mmeee e eaaaa e +
| Uncountable number | How to choose? No algorithm. AC asserts that |
| | the function exists, even without explicit |
| | construction |
T e T +

Good consequences:

e Any vector space has a basis

e Any ideal is contained in a maximal ideal

e Tychonoff's theorem: product of compact spaces is compact
* Hahn-Banach theorem: extension of linear functionals

* Any two cardinals are comparable: [A| = [B| or |B| = |A]

Paradoxical consequences:
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e Banach-Tarski paradox:
A ball can be cut into 5 pieces and assembled into two identical balls.
(pieces are not "ordinary" pieces, but pathological sets of points)

e There exist non-measurable sets (Lebesgue)

Status:
The axiom of choice is independent of ZF — it can neither be proved nor refuted.
One can work with it (ZFC) or without it (ZF). Most mathematicians
accept AC.

In the philosophical foundation "choice" = the subject's ability to distinguish,
draw boundaries, extract objects from emptiness. This is ontological choice.

In the axiom of choice "choice" = existence of a function assigning an element
to each set. This is a technical possibility.

Connection:
Philosophical choice is primary (without it there is no mathematics at all).
Axiom of choice is a specific rule of the game, which can be accepted or not.

Difference:
Philosophical choice: "I can extract an object"
Axiom of choice: "For any (even uncountable) family there exists
a method of simultaneous choice"

ZFC axioms are not "truths about the world".
They are rules of the game which:

Are strong enough to construct all known mathematics

Are restricted enough to avoid paradoxes

Are (as far as is known) consistent

Are incomplete (Godel's theorem, 1931): there exist true statements
about natural numbers that are unprovable in ZFC

A WN R

Incompleteness is not a bug, but a fundamental property of any sufficiently rich
formal system. ZFC cannot prove its own consistency from within.

When further on we write "there exists a set X" or "let us choose an element from Y",
we rely on these axioms. Mathematics is the consequences of these rules.

Now, having the foundation, we can construct numbers.
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Context:

Godel's theorems (1931) are not abstract logic. They are fundamental
results about what mathematics can and cannot do:

* Why some problems are fundamentally unsolvable

* Why a machine cannot completely replace a mathematician

e Why "truth" and "provability" are different things

* Why we cannot be certain of the consistency of mathematics

For an engineer: if a problem is unsolvable — it's not our fault, but a boundary of theory.

Formulation (simplified):

In any consistent formal system rich enough
to describe arithmetic of natural numbers, there exists a statement G
which:

e is true (in the standard interpretation)

* is unprovable in this system

Intuition — "Liar paradox":
Consider the sentence: "This sentence is false."
If it is true — then it is false (contradiction).
If it is false — then it is true (contradiction).

Paradox. This sentence has no truth value.

Godel constructed a mathematical analogue:
"This statement is unprovable in system S."

If it is provable — we proved a falsehood (system is inconsistent).
If the system is consistent — it is unprovable.
But then it is true (since it says it is unprovable).

Proof idea:

1. Godel encoded formulas as numbers (Godel numbering)
Each symbol — a number, formula — product of powers of primes

2. Proofs also became numbers
"x is a proof of formula y" is an arithmetic relation.

3. Constructed a formula G saying about itself:
G = "There does not exist a number encoding a proof of formula G"

Corollary: ZFC (and any "reasonable" system) is incomplete.
There exist true statements about numbers which ZFC will not prove.
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Formulation:

A consistent system rich enough for arithmetic
cannot prove its own consistency.

Intuition:

The statement Con(S) = "System S is consistent" can be written
as an arithmetic formula (via Gbédel numbering).

Godel showed: Con(S) - G
(If S is consistent, then G is true)

If S proved Con(S), it would prove G.
But G is unprovable (by the first theorem).
Therefore, Con(S) is also unprovable in S.
Philosophical meaning:
Mathematics cannot guarantee its own reliability.
We cannot prove that ZFC will not lead to a contradiction.

We simply believe this (and no contradictions have been found in 100 years).

This is like bootstrapping: one cannot verify a compiler with itself.

What this means in practice

R R +
| Incompleteness does not mean | Incompleteness means |
e T +
| "Mathematics is useless" | There are fundamental boundaries|
| "Nothing can be proved" | Some questions are undecidable |
| "Computers cannot prove" | Complete automation is impossible]
| "Formalism must be abandoned" | Intuition remains important |
R LT R +

Examples of undecidable statements:

e Continuum hypothesis: |R| = Ni1? — independent of ZFC
e Axiom of choice — independent of ZF
e Some combinatorial statements (Paris—-Harrington)

For an engineer:
99.9% of practical problems are not affected by incompleteness.
Godel's theorems are important for understanding boundaries, not for daily work.

If an algorithm does not find a solution — possibly the problem is undecidable,
but usually one just needs to search better.
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Unifying idea: There exist questions which a formal system
cannot answer. This is not a weakness — it is a theorem.

Relations — how structure emerges from sets

"All mathematics = study of relations between objects"
Relation = a way to say "these objects are somehow connected"

In everyday life we constantly use relations:

e "Ivan is the father of Peter" (relation "to be a father")

e "Moscow is larger than Tver" (relation "larger by population")
e "5 is less than 7" (relation "less than")

* "These two triangles are similar" (relation "similarity")

e "A and B are friends" (relation "friendship")

Key idea: A relation is simply a set of pairs (or triples, etc.),
which we consider "connected".

"less than" on N = {(1,2), (1,3), (2,3), (1,4), (2,4), (3,4), ...}

The notation "3 < 5" simply means "(3, 5) € R", where R is the relation "less than".
Why formalization?

e We can prove properties of relations

* We can combine relations (composition)

* We can classify relations by properties
e Foundation for order, equivalence, functions

Cartesian product
A xB={(a, b) | a€A, b €B} — set of all ordered pairs
Example: {1, 2} x {a, b} = {(1,a), (1,b), (2,a), (2,b)}

Formal definition of a pair:

(a, b) := {{a}, {a, b}}

This allows us to distinguish (a,b) from (b,a): {{a},{a,b}} = {{b},{a,b}} when azb
Important: an ordered pair is constructed from unordered sets.

Generalization to n sets:
Ar x A2 x ... x An = {(a1, @2, ..., an) | ai € Ai} — n-tuples

Example: R x R x R = R3 — three-dimensional space
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n-ary relation on sets Ai, ..., An is a subset:
R <€ A1 x A2 x ... x An

A tuple (a1, ..., an) € R means "the elements are connected by relation R".

R R +

| ARITY | EXAMPLES |

R R e +

I I I

| Unary | R< A — simply a subset (property) |

| (n=1) | "even" ¢ 7 = {x € Z | x is divisible by 2} |

I I I

| Binary | R< A x B — connection between two elements |

| (n=2) | "less than" < R x R = {(x,y) | x < y} |

| | "divides" < N x N = {(a,b) | a | b} |

I I I

| Ternary | R Ax B x C — connection between three elements |

| (n = 3) | "between" c R x R x R = {(x,y,z) | X <y < z} |

| | "sum" = {(a,b,c) | a + b =c} |

I I I

| n-ary | A table in a database with n columns. |

| | Each row is a tuple, the table is a relation |

I I I

R L R e +
Most important binary relations
Below — a table of binary relations from which all of mathematics is built.
Fmmmem e mmee e eaaa e T +
| RELATION | PROPERTIES | EXAMPLES / VISUALIZATION |
T oo R e +
I I I I
| 1. membership | Basic relation | = 3 €N |
| X € A | Not reflexive | T ER |
| | (x ¢ x usually) | = {1} € P(N) |
| "element | | |
| of a set" | Foundation of set | A |
| | theory | +----- + |
I I | | e | «x€A I
| | | +----- + |
I I I I
R R R +
I I I I
| 2. inclusion | » Reflexive: | * NcZcQcRccC |
| AcB | AcA | » {1,2} < {1,2,3} |
| | » Transitive: | » @ < A for any A |
| "subset" | AcB, BcC = AcC | |
I I I I

e Antisymmetric:



X~y X ~ X
| « Symmetric:
"indistinguishable| X~y = y~X
with respect to | ¢ Transitive:
a property" | X~Y, y~Z = X~2Z
I
| Gives factorization:
| X/~ (quotient set)
I
I
I
R R
I
4. (total) | » Reflexive:
ORDER |
X <Yy | X £ X
| » Antisymmetric:
"not greater" [ X<y, YysX = X=y
| ¢ Transitive:
[ Xy, YsZ = XszZ
|  TOTALITY:
[ VX,y: Xy V y=X
I
R oo
I
5. partial | Like total order,
order | but without totality
X <y I
| Ix,y: incomparable
"not greater, but| Hasse diagram:
not always |
comparable" |
I
I
I
I
I
I
R R
I
6. function | » Total:
I
I
I
I

3.equivalence

f: A- B

"rule of
correspondence"

AcB, BcA - A=B

Partial order
on P(X)

¢ Reflexive:

Va € A: 3b

e Single-valued:
f(a) is uniquely
defined

* Equality of numbers (=)
e Similarity of triangles
* Congruence modulo:
a =b (mod n)
* Isomorphism of structures

Partitions X into classes:
B T I

[ XTIyl [z]]

B T I
equivalence classes

* Lexicographic on strings
* Chronological (time)

I

| = < on P(X)

| » Divisibility | on N

| » Implication = on propositions

+--d--+
I I
b C « incomparable
I I
+--a--+

Example: {1,2} and {1,3}
incomparable by ¢
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7. injection
f: A» B

"one-to-one"

8. surjection
f: A» B

"onto"

9. bijection
f: A« B

"one-to-one
correspondence"

 —_——————— Y ———

Subset of AxB with
conditions above

Function with
additional property:

f(Xl) = f(Xz)

= X1 = X2

I

I

I

I

I

I

I
Different inputs - |
different outputs |
I

S

I

I

I

Function with
additional property:

Vb € B: Ja € A
such that f(a) = b

Covers all of B

Each element of B
has a preimage

Function that is
simultaneously:
e Injection

e Surjection

I

I

I

I

I

I

Inverse exists |
f-1: B> A |
I

|A]l = [B] I
(equinumerous) |
I

I

I

I
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l1---a
2 --»b

To each element of A
corresponds exactly one
element of B

e f(x) = 2x
e exp: R - R+
* embedding N in Z

A

{1, 2} B={a, b, c}

N
L |
[ |
A
T o

¢ (not used)

|A] = |B|, in B there may be
"extra" elements

e f: R >R, f(x) = x3
e projection R2 - R: (x,y) » X

A=4{1, 2, 3} B = {a, b}
l---a
2 --> a (both to one point)
3---Db

|A| = |B|, each element of B
is reached by at least one

e f: R >R, f(x) =x
e exp: R - R+
* any isomorphism

A={1, 2, 3} B=4{a, b, c}

N
T
1
l
(o

Perfect correspondence:
to each a — exactly one b,
and vice versa



Now that we know what a function is, we can define a morphism.

Key concept: Morphism

Function (= Mapping) — a rule f: A - B, assigning to each

element a € A a unique element f(a) € B.

Morphism — a function between structures that preserves structure.

Isomorphism — an invertible morphism (bijection preserving structure).
Means "structures are the same up to renaming of elements".

Function (nothing — base case)

| | | I
| Groups | Homomorphism | Operation: @(ab) = ¢(a)e(b) |
| Rings | Ring homomorphism | Both operations: +, x |
| Vector spaces | Linear map | Linearity: T(oau+Bv)=aTu+BTv |
| Topologies | Continuous map | Open sets |
| Manifolds | Smooth map | Smoothness |
| Orders | Monotone map | Order: asb = f(a)=f(b) |
R R T B e T +

Formula # Function (common mistake)

Formula: a method of computation, for example f(x) = x2
Function: a triple (domain A, codomain B, correspondence rule)
Why these are different things:

1. One function — many formulas:
f(x) = x2 = (x+1)2 = 2x = 1 = XX = ... (different notations for the same thing)

2. One formula — different functions (depends on domain):

TR Fommmmemes LR e +
| FORMULA | DOMAIN | CODOMAIN | PROPERTIES |
R R R o e e s +
| f(x) =x2 | R | R | not injective: f(2) = f(-2) |
| 9(x) = x2 | R* | R+ | Injective and surjective. |
| h(z) = z2 | C | C | Completely different object |
R R R e e e ee e aao s +

3. Functions without formulas:
D(x) =1 if x € Q, otherwise 0 (Dirichlet function — no "formula".)

Conclusion: Function = triple (A, B, f: A - B).
Formula — just one way to specify the rule.
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Image and preimage of a set

For a function f: A - B and subsets S ¢ A, T ¢ B:

P R e +
| CONCEPT | DEFINITION |
P R e +
| Image of a set | f(S) = {f(x) : x € S} |
| F(S) | = all values of f on elements of S |
P B R +
| Preimage of set | f-1(T) = {x € A : f(x) € T} |
| £-1(T) | = all points that f sends to T |
P R +

Important: f-*(T) — this is not an inverse function.
Preimage is always defined, even if f is not invertible.
Inverse function f-!: B - A exists only for bijections.

Examples:
f(x) =x%2, f: R-R
f({1, 2, 3}) = {1, 4, 9} — image of a set
f-1({4}) = {-2, 2} — preimage of a point
f-1({y : y>0}) =R\ {0} — preimage of an interval
f-1({-1}) = o — preimage can be empty
Properties:
e f(S1 U S2) = f(S1) u f(S2) — image of union
e f=1(T1 U T2) = f-3(T1) u f-2(T2) — preimage of union
e f=1(T1 n T2) = f-3(T1) n f-2(T2) — preimage of intersection
e f(S1 n S2) € f(S1) n f(S2) — for image only ¢ !

Application: Topology uses preimages to define continuity:
f continuous < preimage of an open set is open

Key patterns:

Checking properties of a relation R:
1. Reflexivity: xRx for all x?
2. Symmetry: xRy = yRx?
3. Transitivity: xRy, yRz = xRz?
4. Antisymmetry: xRy, yRx = x=y?

Combinations define the type:
e Reflexivity + Symmetry + Transitivity = Equivalence (partition into classes)
* Reflexivity + Antisymmetry + Transitivity = Partial order
* + Totality = Linear order
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Intuition: Equivalence = "Same from a certain point of view"

Equality (=) — too strict a requirement. Often we care not about complete
identity, but "sameness" by some criterion:

e Two people are "equivalent" by age (both are 25 years old)
e Two triangles are "equivalent" by shape (similar)

e Two fractions are "equivalent" by value (1/2 = 2/4 = 3/6)

e Two numbers are "equivalent" by remainder when divided by 3

Formally: a relation ~ is called an equivalence if it is:
1. Reflexive: a~a (each is equivalent to itself)
2. Symmetric: a~b=Db~a (order doesn't matter)
3. Transitive: a ~b, b ~c=a ~ c (equivalence is "inherited")

If ~ is an equivalence on set X, then the equivalence class
of element a is the set of all elements equivalent to a:

[a] = {x € X | x ~ a}
Key fact: Equivalence classes partition the set X:
e Each element x € X lies in exactly one class

e Different classes do not intersect
e Union of all classes = X

Visualization:

Set X: After partition X/~:
oo + R LT +
| @@ 00O "= | | [e] [o] [=] |
| e o© mew | - I
| 00 (I | 3 classes |
oo + LT +
(elements of the same "type" (each class is one

marked identically) element of quotient set)
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Set: Z (all integers)
Relation: a ~ b < a - b is divisible by 3 (written: a = b (mod 3))

Equivalence classes:

[6]1 = {..., -6, -3, 0, 3, 6, 9, ...} — numbers with remainder 0
[11=¢{..., -5, -2, 1, 4, 7, 10, ...} — numbers with remainder 1
[21 = {..., -4, -1, 2, 5, 8, 11, ...} — numbers with remainder 2

Quotient set: 7Z/37 = {[0], [1], [2]} — total of 3 classes.
(This is a ring of residues — foundation of cryptography)

Set: Z x 7* = {(a, b) | a,b € Z, b # 0} — pairs "numerator/denominator"
Relation: (a,b) ~ (c,d) & a-d = b:c (fractions are equal)

Equivalence classes:
[(1,2)] {(1,2), (2,4), (3,6), (-1,-2), ...} — all forms of "one
[((1,3)1 = {(1,3), (2,6), (-1,-3), ...} half"

A rational number is an equivalence class, not a specific fraction.
Q = (Z x 7*¥)/~ — set of equivalence classes of pairs.

Set: all triangles on the plane
Relation: T:1 ~ T2 < angles of Ti1 equal angles of T:

Equivalence class: all triangles of one "shape" (of different sizes)

+-+ oo+
/ 0\ / \
/ 60° \ / 60° \
/ \ / \ All three are in one
/ 60° 60° \ / 60° 60° \ equivalence class
R + e + (equilateral)

Set: all Cauchy sequences of rational numbers
Relation: {an} ~ {bn} & |an - bn| - 0

A real number is an equivalence class of sequences.
Example: v2 = [{1, 1.4, 1.41, 1.414, 1.4142, ...}]
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(Infinitely many sequences converge to v2 — they are all
equivalent and form one class, which we call the number v2)

Set: all paths from A to B in space X
Relation: y1 ~ y2 & y1 can be continuously deformed into y:

Fundamental group mi(X) = equivalence classes of closed paths.
This construction is the foundation of algebraic topology.

The quotient set X/~ is the set of equivalence classes:
X/~ = {l[a]l | a € X}
Intuition: We "glue" all equivalent elements into one point.

Projection: The canonical map m: X -» X/~, where n(a) = [a].
It "forgets" distinctions between equivalent elements.

Main theorem (Universal property):
Any function f: X - Y, constant on equivalence classes

(i.e. a ~b = f(a) = f(b)), factors uniquely
through the quotient set:

X ------ fomm--- - Y
| »
m | f (exists unique)
L /
X/~ =-mmm--- /
Where this is used:

e In = 17/0Z (modular arithmetic, cryptography)
e Q = (Zxz*)/~ (construction of rational numbers)
e R = Cauchy/~ (construction of real numbers)
e C = R[x]/(x2+1) (construction of complex numbers)

* Projective space P" = (R"*1 \ 0)/~
e Tori, Klein bottles and other topological objects

Intuition: from clocks to complex numbers

7/127 — clock arithmetic. We "wrap" integers onto a clock face:
13 o'clock = 1 o'clock, because 13 = 1 (mod 12). We declared 12 = 0.
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R[x]/(x?+1) — the same thing, but with polynomials. We "wrap"
polynomials, declaring x2?+1 = 0, that is x? = -1.

We get: x is a "new number" whose square equals -1.

This is the imaginary unit i. Complex numbers a + bi are
polynomials of degree = 1 with arithmetic modulo (x2+1).

Why does an engineer need equivalence classes?

1. Modular arithmetic (Zn):
Hash functions, checksums, cryptography — all this is work
with residue classes.

2. Finite automata:
Minimization of an automaton = merging "equivalent" states
(those that cannot be distinguished by input data).

3. Dimensional analysis:
Physical quantities with the same dimensionality — one class.
"Meters per second" is the class of all ways to express velocity.

4. Coordinates:
A tensor is an equivalence class of sets of numbers (coordinates),
where two sets are equivalent if they are related by a transformation law.

5. Clustering:
Partitioning data into clusters is essentially constructing equivalence
classes by the criterion of "similarity".

Philosophy:
Mathematics studies not the objects themselves, but the relations between them.

A function f: A - B is more important than A and B separately.
Modern mathematics (categorical) is "mathematics of arrows".

Mappings — how structures are connected

Notes: This section is an overview of types of mappings. The terms "group",
"topology", "manifold" are defined in Part II.
Here they are used to illustrate a general pattern.

In the "Relations" section we defined function and morphism. Here are detailed examples.

"A good morphism preserves structure"

Preliminary remark on categories
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A1l examples below are special cases of one idea: morphism.

e Objects (sets, groups, spaces, ...)
e Arrows between them (functions, homomorphisms, continuous maps, ...)
e Composition of arrows (apply one, then another)

This is a category — a language that unifies all of mathematics.
For now it suffices to know: different types of mappings in the table below are
morphisms in different categories.

Category of sets: morphisms = functions

Category of groups: morphisms = homomorphisms
Category of topol. sp.: morphisms = continuous mappings
Category of vect. sp.: morphisms = linear operators

oo e T e L L LT +
| TRANSFORMATION | STRUCTURE EXAMPLES |
oo L T e L L LT +
I I I
| 1. function | Set - Set e f(x) =x+1 |
| f: A- B | e projection (x,y) » X |
| | Preserves nothing * any mapping |
| Basic mapping | (no additional structure) |
I I I
o e e I e LT +

2. homomorphism
¢: G- H

Group - Group * exp: (R,+) - (R*,x)
exp(a+b) = exp(a)exp(b)
e det: (GL(n),x) - (R*,x)

I

I

I

¢(gr * g2) = I
det(AB) = det(A)det(B) |
I

I

I

I

Preserves operation = ¢(g1) @ @(g2)
(GL(n) = invertible nxn

matrices)

Automorphism if

G=H (structures "identical") zw»2z onC |

I

LT e L T +
I I I
| 3. linear operator | Vect.sp. - Vect.sp. e Rotation in R? |
| T: VW | e Projection onto subsp. |
| | T(av + Bw) = e Differentiation |
| Preserves linear | = aT(v) + BT(w) D: C* - C° |
| structure | D(af + bg) = |
| | Matrix in basis = aD(f) + bD(g) |
I I I
R B i +

e f: R - R continuous
e Deformation of rubber
e Any f: M - N (smooth)

I
4. continuous | Topol.sp. - Topol.sp.
mapping |
f: XY | Preimage of open
| is open:
I
I

Preserves "closeness"| U € T ¥ = f-1(U) € T X Homeomorphism if

+
I
+
I
I
I
I
I
I
+
I
I
I
|
|
|
|
|

Isomorphism if bijection | ¢ complex conjugation
|
|
+
|
|
|
|
|
|
I
I
+
I
I
I
I
I
I
| bijection + f-* continuous|

I
I
I
I
I
I
S
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e e e e e e e e
I

| 5. diffeomorphism

| f: M- N

I

| Smooth + invertible

Manifold -
Manifold

f and f-* smooth
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¢ Any smooth invertible
mapping

*R=(0,1) via
f(x) = x/(1+]|x]|)



6. derivative
d/dx

Instantaneous rate
of change

7. integral
[ab f(x)dx
Accumulation

(area, mass)

8. tangent
space
ToM

"Plane at a point"

9. fundamental
group
mi: Top - Grp

functor

Geometry - Algebra

10. Fourier
transform
F: L2(R) -» L2(R)

Functor
Time o Frequency

General pattern:

Preserves smooth
structure

Function - Function

Linear operator:
D(af + bg) =

Local approximation

Function - Number

Linear functional:
[(af+bg) = aff + bJfg

Inverse to derivative

Manifold -
Vector space

Curved - Flat
Functor: M » ToM
Topology - Algebra
Space » Group

Loops with homotopies

"Holes"
algebraic structure

Function - Function

| F(f)(w) = [ f(t)e ‘fwtdt

Unitary operator

Transforms diff. eq.
into algebraic
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aD(f)+bD(g)

transforms into

—_—_———— - - - - — — e ——— e —— — e ——— Y —_——— e — — —  — — —

+ —-———— —

Shows geometric

equivalence
__________________________ +
¢ D(x2) = 2x

e D(sin) = cos

e D(ex) = e~

Geometry: tangent
to graph

e [ol x2 dx = 1/3
e [ sin x dx =

Geometry: area under
graph

e TpS?2 — plane

tangent to sphere at p

e ToM — where "live"
velocity vectors

Linearization of geometry

e mi(St) =7Z
(circle - integers)

e m1(S?) = {e}
(sphere trivial)

e Mi(T?2) =7Z x Z
(torus -» two holes)

Computation of topology

via groups

e cos(wt) o 6(W - wo)

e Convolution o Multiply

Applications:

e Signal processing
* Quantum mechanics
e Diff. equations

-cos x+C



A good transformation preserves what is important:
¢ Homomorphism preserves operation
e Continuous mapping preserves closeness
e Linear operator preserves linearity
e Isometry preserves distance

Functor — transformation between categories (in detail):
Translates objects into objects and arrows into arrows, preserving composition.
Example: m: translates topological spaces into groups,
and continuous mappings — into homomorphisms.

Why this is needed:

Connection between areas: mi transforms topology into algebra
Simplification: Fourier transforms diff. eq. into algebraic
Understanding: tangent space makes geometry flat

Computations: isomorphism allows working in a convenient structure

H~ W N

Numbers — how all numbers arise from emptiness

Construction of natural numbers from the empty set (von Neumann)

All mathematics arises from a single primitive: the empty set o
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| NUMBER| DEFINITION | VISUALIZATION |
do-mo--- R R R R +
I I I I
| 0 | @ | {1} I
| | Empty set | Nothing there |
I I I I
+ommmm - P R e +
I I I I
| 1 | {2} | { {11} I
| | Set containing | Box with empty box |
| | empty set |

I I I I
tommmm - R P R +
I I I I
| 2 | {2, {e2}} [{{} {{}}} I
| | = {0, 1} | Box with: (empty) and (box |
| | | with empty) |
I I | I
tommm - Fm e e R e +
I I | I
| 3 | {2, {2}, {2, {2}}} | {{}, {{}} {{} ({1} I
| | = {06, 1, 2} | Box with 0, 1 and 2 |
I I I I
Fommm - Fm e e R R +
I I I I
| n | {0, 1, 2, , n-1} | Set of all previous numbers |
I I | I
| | n={k : k <n} | n contains within itself all |

| | | numbers less than itself |
I I | I
e R L R R +

Recursive definition:

0 (=02
n+l := nu {n} (next number = previous + set with previous)

Deep meaning:
* From nothing (@) arises everything
e Each number contains all previous: 3 22 >12>0
e Number = "memory" of all previous steps

e Construction of numbers = successive drawing of boundaries in emptiness

From natural to the rest:
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N={0,1, 2, 3, ...} (defined above)

Z =N : N/ ~ (pairs (a,b) as "a - b", with equivalence)
.

0=127x27*/ ~ (pairs (p,q) as "p/q", q=0)

R = {D;dekind cuts} (or Cauchy sequences in Q)

C=R : R (pairs (a,b) as "a + bi")

Everything is built from @ by successive acts of drawing boundaries.

Problem: In Q@ there are "holes"
Equation x2 = 2 has no solution in Q@ (proof — by contradiction)
But on the number line there must be a point V2.

Dedekind's idea (1858): define a number through a cut of the line

Definition:
Cut (A, B) of the set Q is a partition of Q into two nonempty classes:

e A — "lower class": all rational numbers to the left of the cut
e B — "upper class": all rational numbers to the right of the cut
e AuUB=Q, AnB-=2

* Any element of A is less than any element of B

e In class A there is no greatest element (key condition)

Visualization:

Number line @:

“--0--0--0--0--0--|--0--0--0--0--0-->
A =< B
(cut)
Cut for v2:
A={q€Q:q<0 or g2 <2} (all "to the left of v2")
B={qg€Q:q>0 and g2 = 2} (all "to the right of v2")

In A there is no greatest. For any q € A with q? < 2 there exists
rational r > q with r2 < 2.

Definition of real number:
R := {all cuts (A, B) of the set Q}

Two types of cuts:
1. B has smallest element q € Q@ -» cut defines rational g
2. B has no smallest element - cut defines irrational number

Arithmetic of cuts:

(A, B1) + (A2, B2) := (A1 + A2, ...) where A1 + A2 = {a1 + az}
Similarly defined multiplication, order etc.
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Deep meaning:
e Irrational number is not an object, but a boundary between objects
* V2 is not a concrete fraction, but a place of cut of the number line
e Again the act of drawing a boundary creates a new entity

Alternative — Cauchy sequences:
R can also be defined as equivalence classes
of fundamental sequences in @
(sequences where |an — @an| - 0 @as n, m > «)

Example: 1, 1.4, 1.41, 1.414, 1.4142, ... - V2

Both approaches give the same set R.

Problem: How to understand that a sequence converges
if we don't know what it converges to?

Cauchy's Idea: A sequence converges if its terms
become arbitrarily close to each other.

Definition:
A sequence {an} is called a Cauchy sequence
(or fundamental), if:

Ve >0 INEN: Vn,m>N = J|an — an| < €

In words: starting from some number N, the distance between
any two terms is less than any predetermined €.

Visualization:

Ordinary sequence:
"All terms are close to limit a"

ail d2 ds3 as4as
--0---0----0--0000------------ -
T
a (limit)

Cauchy sequence:
"All terms are close to each other"

a1l az d3 d4 as de A7.
--@------- ®----- 0---0--000000- - - - - - - - -
+--+
<g

"stick together"

Examples:
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v Cauchy: an = 1/n

|an — an| = |1/n - 1/m| = 1/n + 1/m - 0
Terms: 1, 0.5, 0.33, 0.25, 0.2, ... (stick together around 0)
v Cauchy: an =1+ 1/2 + 1/4 + ... + 1/2"

Partial sums of geom. progression: 1, 1.5, 1.75, 1.875,
Converges to 2, terms closer and closer to each other

x Not Cauchy: an =n
|]an+1 — an| = 1 — does not tend to 0, terms diverge

x Not Cauchy: an = (-1)"
|[an+1 — an| = 2 — terms jump between -1 and 1

Theorem (Cauchy criterion):

|
In R (real numbers): |
|

Sequence converges < Sequence is Cauchy |

Important: In Q this is not the case.

The sequence 1, 1.4, 1.41, 1.414, 1.4142, ... is Cauchy in Q,
but does not converge in Q, because V2 ¢ Q.

This is called incompleteness of Q.
Completeness of R:

The set R is called complete, because in it

every Cauchy sequence has a limit.

This is a key property distinguishing R from Q.

Cauchy construction for R:
R = {equivalence classes of Cauchy sequences in Q}

Two sequences {an} ~ {bn} are equivalent if |an — bn| - 0

Example: (1, 1.4, 1.41, ...) ~ (1.5, 1.42, 1.415, ...) — both "represent" V2
Deep meaning:

The Cauchy criterion allows one to speak of convergence

in an internal way — through the terms of the sequence itself,
without invoking the concept of "limit" from outside.
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Two sets have the same cardinality if there is a bijection between them.
For finite sets this is obvious: |[{a,b,c}| = |{1,2,3}| = 3.

And for infinite ones? Cantor showed: there are different infinities.
Countable sets (cardinality Neo — "aleph-null"):

A set is called countable if there exists a bijection with N.
That is, elements can be "enumerated": ai., a2, as,

countable (trivially)

countable. Bijection: 0, 1, -1, 2, -2, 3, -3,

countable. (surprisingly — "more" numbers, but same cardinality)
x N — countable (diagonal traversal)

L]
Zz o N Z
|

Uncountable sets (cardinality > No):
« R — uncountable.
e (0,1) — uncountable (bijection with R via tan)
e P(N) — uncountable (set of all subsets of N)

Theorem: The set R (or even the interval [0,1]) is uncountable.
Proof (by contradiction):

Suppose [0,1] is countable. Then all numbers can be enumerated:

X1 = 0. @11 ai12 ais ais
X2 = 0. @21 az2 az23 a4
X3 0. as1 as2 ass ass
Xa = 0. @41 Q22 a43 aass
N N N N
diagonal
Construct a number y = 0. b1 b2 bs ba ..., where:

bn # ann (differs from n-th number in n-th digit)
Then y # x1 (differs in 1st digit)
y # X2 (differs in 2nd digit)
y # Xn for any n!

But y € [0,1], so y must be in the list. Contradiction.

Conclusion: [0,1] cannot be enumerated. The set R is uncountable.
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Deep meaning:
The diagonal argument is a universal method. It shows:
P(A) always has greater cardinality than A (Cantor's theorem).
Infinities form a hierarchy: No < 2"No < 2™(2"No) < ...

The cardinality of R is called continuum and is denoted c or 2"No.
Cantor's question (1878):
Does there exist a set with cardinality between Ne and c?
That is: is there an infinity "in between" N and R?
Continuum hypothesis (CH): No, there does not exist. That is ¢ = N1.

Shocking result of the 20th century:

e Godel (1940): CH is consistent with ZFC (cannot be refuted)
e Cohen (1963): -CH is also consistent with ZFC (cannot be proven)

= CH is independent of the axioms of ZFC.

This is not a question of "we don't know yet". This is fundamental: within ZFC
the question has no answer. One can work in mathematics with CH or without it.

Philosophical lesson:
There are meaningful mathematical questions to which the axioms do not answer.
Mathematics is not a single "true" system, but a family of possible ones.

Extension of numbers — what is missing?

Main idea:

Each number system arises as an answer to the question:
"What equation has no solution?"

We extend numbers - obtain solution - lose some property
Terminology (strict definitions):
e Field = set with +, x, where everything except 0 is invertible (Q, R, C)

e Ring = field without mandatory division (Z)
e Division algebra = "almost field", but possibly noncommutative (H, O)
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Hierarchy of number systems

------- R R TR
NUMBER| EQUATION | SOLUTION|
| WITHOUT [ |
| SOLUTION [ |
------- R L P T
I I I
N | x +3 =1 | not in N]
I I I
------- R P T
I I I
VA | 2x = 3 | not in Z|
I I I
------- R P
I I I
0 | x2 =2 | not in Q]
I I |
------- R P T
I I |
R | x2 = -1 | not in R]
I I |
------- L R
I I I
C | all exist. | - |
I I I
------- B L P
I I |
H | (special) | — |
I I |
I I |
------- B L P
I | I
(@) | (special) | — |
I | I
I | I
------- BT Ly
Visualization
NcZcQcRccC
0
| | | | +-- Plane (2D):
| | | R Line (1D):
| | R Line (1D):
| o Line (1D):
R Ray: 0, 1,

H (quaternions): 4D, basis {1,

..................... Femmme e e e e s e e e -
WHAT WE LOSE | WHAT WE GAIN
I
I
_____________________ g
I
- | Counting
I
_____________________ o e e e e e e e e e e m e oo
I
"always = 0" | Subtraction
I
_____________________ e e e e e e e oo
I
Discreteness | Division
|
_____________________ o e e e e e e oo oo
|
Countability | Continuity
|
_____________________ U
I
Order (<, >) | Alg. closedness |
I
_____________________ U
|
Commutativity | 4D rotations
ab # ba |
|
_____________________ I
I
Associativity | 8D, exceptional
(ab)c # a(bc) | structures
I
..................... demcmce e e e e amaa
a + bi
continuous

with holes (no v2)
integer points
2, 3,

il jl k}r iz=j2=k2=ijk=—l

O (octonions): 8D, last division algebra over R
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Frobenius: Associative division algebras over R: R, C, H — and that's all.
Hurwitz: Normed division algebras over R: R, C, H, O — and that's all.

Dimensions: 1, 2, 4, 8 — no more.
With each extension we lose a fundamental property:

R - C: we lose order

C > H: we lose commutativity

H - O: we lose associativity

O - S: we lose the ability to divide (zero divisors appear)
Sedenions S (16D) and beyond — mathematically exist, but are useless

for physics: in them ab = 0 is possible with a # 0 and b = 0.
Therefore the chain R - C - H - O — this is all there is.

Any polynomial with complex coefficients has a root in C.

This means: C is closed under solving equations.
There is no need to extend further "for the sake of equations".

Therefore C is called an "algebraically closed field".

Hierarchy of embeddings:
NcZcQcRccC
Each subsequent set "fills the holes" of the previous one:
N - 7Z : added negatives (solution of a + x = 0)
Z - Q : added fractions (solution of ax = b)
Q - R : filled "holes" (limits of sequences)
R - C : added v(-1) (roots of all polynomials)

Geometric picture:

Z — lattice on the line C — plane
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(separate points) (R — horizontal axis)

--0--0--0--0--0--0-- Im
-2-1 06 1 2 3 |
| ® 2+1
SRR TR TR » Re
| 1
e -i
I
Q — "dust" on the line R — continuous line
(everywhere dense, but holey) (without holes, complete)
v2 — hole. V2 exists.
Topological properties
R B e +
| SPACE | TOPOLOGICAL PROPERTIES |
R B i +
| N, Z | Discrete topology: each point — open set |
| | Not compact, not connected (each point — component) |
Fomm - B e +
| @ | Everywhere dense in R, but "holey" |

| | Not complete (sequence - V2 has no limit in Q) |
| | Not connected (Q = (-»,v2)nQ U (v2,40)nQ — partition) |

Fomm o - R T +
| R | Complete, connected, locally compact |
| | The unique complete ordered field. |
L R e +
| C | Complete, connected, locally compact |

| | Algebraically closed (any polynomial has a root) |
| | No order compatible with operations. |

Key idea:
NcZcQcRcC - this is not just "adding numbers".
At each step the topology and algebraic structure of the space changes.
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Dictionary of mathematical jargon

Mathematicians use words that are rarely explained in textbooks.
Here is a dictionary of the most common "invisible" terms.

Canonical

= "natural", "unique", "not requiring an arbitrary choice"

Example:
e V¥* = V — canonical isomorphism (there is a natural correspondence)
e V¥ =V — not canonical (need to choose a basis, result depends on
choice)

When they say "canonical" — it means there is one correct way,
and no additional choices need to be made.

= "result does not depend on the method of representation"

Problem: Sometimes the same object can be written in different ways.
A function is well-defined if it gives the same answer
for all representations.

Example 1 (incorrect):
Let f: 2/3Z - 7, f([x]) = remainder of x when divided by 2.
Check: f([0]) = 0, f([3]) = 1.
But [0] = [3] in Z/3Z. Therefore f([0]) must = f([3]).
Contradiction: @ # 1. Function f is not well-defined.

Example 2 (correct):
Let g: z/6Z - 7/2Z, g([x]) = [x mod 2].
Check: if [x] = [y] in Z/6Z, then x =y (mod 6).
Therefore x =y (mod 2), and [x mod 2] = [y mod 2].
Function g is well-defined. v

Conclusion: When working with equivalence classes one must always check
correctness of definition.

= "it suffices to consider the special case, the rest reduce to it"

Example 1:
Theorem: |a + b| = |a| + |b]
Proof: "W.l.0.g. let a = 0."
Why can we? If a < 0, replace a with -a (the absolute value won't change),
and return to the case a = 0.
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Example 2:
Prove something for two points A and B.
"W.l.0.g. let A be to the left of B."
Why can we? We can rename: A o B.

When it can be used:
e There is symmetry in the condition (a and b are interchangeable)
e Can be reduced to the needed case by substitution of variables
e The operation (renaming, change of sign) doesn't change the essence of the problem

When it cannot:

e Conditions for a and b are different
e The transformation changes the structure of the problem

Trivial = "obvious", "empty", "simplest possible"
Nontrivial = "substantial", "not reducing to the obvious"
Examples:

e Trivial solution of Ax = 0: x = 0
e Trivial subgroup: {e} or all of G
e Nontrivial root: x # 0

Irony: What is "trivial" for a professor may be difficult for a student.
"Trivially follows." often means "I don't want to explain this".

The notation (f o g)(x) = f(g(x)) means: "apply g first, then f".

Why right to left:
From the notation f(g(x)) — first we compute g(x), then f of the result.
The inner function is applied first.

Origin of the symbol:
o — small circle, "linking element" between functions.
Introduced in the 19th century for brevity.

Alternative notation (rare):
f; 9g=9g o f— "first f, then g" (reads left to right)

Used in some programming languages and category theory.

Remember: f o g read as "f after g" or "f circle g".
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= "unique if we don't distinguish objects of a certain type"

Examples:
e "A basis is unique up to order" — vectors can be permuted
e "Solution is unique up to sign" — there are exactly two: x and -Xx
e "Group is unique up to isomorphism" — all such groups

are isomorphic to each other

Meaning: There are several objects, but they are "the same" in a certain sense.

Error 1: Confusing implication A=B with equivalence A=B

A - B does not mean B = A
True: "If n is divisible by 4, then n is divisible by 2"
False: "If n is divisible by 2, then n is divisible by 4"
Counterexample: n = 6 is divisible by 2, but 6 is not divisible by 4.
Correct relations:
A =B (direct implication)

B=A (converse implication) — different statement
-B - -A (contrapositive) — equivalent to direct

Error 2: Circular proof

Wrong: "Prove A. Assume A. Then. Therefore A. 1"
This is not a proof. You used A to prove A.
More subtle version:

"From A follows B. From B follows C. From C follows A."
This proves A = B < (, but doesn't prove that A is true.

Error 3: Confusing the order of quantifiers Vx3dy and 3yVx

¥x dy: P(x,y) — for each x there exists its own y (y depends on Xx)

dy ¥x: P(x,y) — there exists one y working for all x

Example: Continuity vs uniform continuity
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Ve>0 Vx 36>0: ... — & can depend on x and € (simple continuity)
Ve>0 36>0 Vx: ... — 6 is one for all x (uniform continuity)

These are different properties. f(x) = 1/x is continuous on (0,1), but not uniformly.
Error 4: Dividing by an expression that may be zero

Wrong: "From ax = ay divide by a, we get x = y"
What if a = 0? Then 0 = 0 is true for any x, Yy.
Correct: "If a # 0, then from ax = ay follows x = y."

"If a = 0, then the equality holds for any x, y."

Error 5: One example is not a proof

Wrong: "41 is prime, 41+2=43 is also prime.
Therefore, if p is prime, then p+2 is also prime."

Counterexample: 7 is prime, but 742 = 9 = 32 is not prime.
Asymmetry:

e To prove Vx P(x) need to check all x
* To refute Vx P(x) one x with -P(x) is enough

Error 6: Identifying necessary and sufficient
A — sufficient condition for B: A = B (if A, then certainly B)
A — necessary condition for B: B = A (without A there is no B)
Example: "Being a square" for "divisible by 4"
Sufficient? n = k2 = n is divisible by 4? No. (9 = 32, but 44 9)
Necessary? n is divisible by 4 = n is a square? No. (8 is divisible by 4, 8 = k?)

Question: Why do mathematicians write Ve>0 36>0 instead of words?

Reason 1: Compactness

In words:
"For any positive number epsilon there exists such a positive

number delta that for all x, if the absolute value of the difference x and a is less than de
then the absolute value of the difference f of x and L is less than epsilon."
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In symbols:
Ve>0 36>0 Vx: |x-a|<b = |f(x)-L|<e

One line instead of four.

Reason 2: Precision
The order of quantifiers is visible immediately:

Ve 36 — for each € its own & (ordinary continuity)
16 V¢ — one & for all € (different property)

In words this is easy to confuse.

Reason 3: Manipulation

Logical rules are applied mechanically:

—(¥x P(x))
—=(3Ix P(x))

dx =P(x) — simply flip the quantifier and negate P
Vx =P(x)

In words such transformations are easy to confuse.

Advice for reading:
On first reading translate symbols into words aloud.
"For all epsilon greater than zero there exists delta greater than zero."

Advice for writing:

Use symbols for precision of structure.
Add verbal explanations for intuition.

Kernel (from Ger. Kern = grain, core):
Historical metaphor: "core" of what is lost under the mapping.
The kernel is what "collapses" into the neutral element.
ker(p) = {x : ¢(x) = 0} — the central part of "losses".

Image (from Lat. imago = reflection):

Literally: "picture", "reflection" of the original set.
Im(f) = f(A) — where set A "maps to".
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Homomorphism (6uég = same, popory = form):
"Preserving form" — transfers operations without changing structure.
¢o(a - b) = ¢(a) - o(b) — the operation "looks the same" before and after.

Isomorphism ({cog = equal):
"Equal-form" — structures are completely identical algebraically.
Bijective homomorphism: nothing is lost, nothing is glued together.

Group (Fr. groupe, Ger. Gruppe):
Introduced by Galois (1830s) for "group of permutations of roots of an equation".
Originally: a collection of symmetries associated with an algebraic equation.

Ring (Ger. Ring):
Initially: cyclic structures of type Z/nZ, which "loop around".
Dedekind (1871) used for "rings of integers" in fields.

Field (Ger. Korper = body, Eng. field):
German term "body" = space for full-fledged arithmetic.
English "field" = domain/field of activity for all operations.
Field — where one can divide by everything nonzero.

Ideal (from Kummer, 1840s):
Originally "ideal numbers" — fictitious elements for restoring
uniqueness of factorization into prime factors.
Dedekind formalized as a subset of a ring.

Topology (témog = place, Adyoc = study):
"Science of places/position" — studies what is near what.
Introduced by Listing (1847): "Topology — geometry of position".

Manifold (from Ger. Mannigfaltigkeit):
A "manifold" can look different in different places,
but locally always like R". Riemann (1854).

Homotopy (0ué¢ = same, témoc = place):
Two paths are "same-placed" = can be continuously deformed one into the other.

Simplex (Lat. simplex = simple):
Simplest polytope in a given dimension:
point - segment - triangle - tetrahedron - ...

Compact (Lat. compactus = densely compressed):
A set is "tightly packed" — from any covering one can choose
a finite subcovering. No "infinite holes" or "escape to infinity"

Connected:

A "whole" cannot be split into two disjoint open sets.
One can get from any point to any other without leaving the set.
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Continuous (from Lat. continuus = connected):
"Without breaks" — small changes in argument give small changes in value.

Differentiable (from Lat. differentia = difference):
One can compute the "difference quotient" and pass to the limit.
The function is "distinguishable" — one can see how it changes.

Integral (from Lat. integer = whole):
"Restoration of the whole" from parts (summation of infinitesimals).
Leibniz used | as a stylized letter S (summa).

Convergence (from Lat. convergere = to incline toward):
Members of the sequence "incline toward" one point.

Limit (from Lat. limes = boundary):
"Boundary" toward which a sequence or function tends.

Category viewpoint — a language for everything that follows

Before moving on to specific structures (groups, spaces, manifolds),
let us introduce the language in which all of them are described uniformly.

Main idea:
Mathematical objects are important not in themselves, but through relations between them.

Category = Objects + Arrows (morphisms) between them
A --f--» B --g--» C

Objects: what we study (sets, groups, spaces)
Arrows: how objects are connected (functions, homomorphisms, continuous maps)

Key property: arrows can be composed (gef: A - ()

Examples of categories (which will be encountered below)

R Fomm e R +
| CATEGORY | OBJECTS | ARROWS |
R R R +
| Set | Sets | Functions |
| Grp | Groups | Homomorphisms |
| Vect | Vector sp. | Linear mappings |
| Top | Top. sp. | Continuous mappings |
| Man | Manifolds | Smooth mappings |
R Fom e e +
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In all these cases the pattern is one:
e There are objects with some structure
e There are mappings preserving this structure
e Mappings can be composed

How a mathematician thinks — heuristics and methods of thinking

We have defined the basic objects: sets, numbers, relations, categories.

Before building spaces on them (Part II) — a few words about

how mathematical thinking itself is organized. What is an invariant?

When to generalize? When to look for a counterexample? These heuristics permeate
the entire atlas.

When to look for an invariant

An invariant is a quantity that does not change under transformations.
If we rotate, deform, recompute in other coordinates —

and some number or property remains the same — this is an invariant.
Invariants separate the essential from the inessential.

If objects change, but something is preserved — look for an invariant.

Examples:
* Rotations change coordinates, but preserve length: ||v|| = inv
e Deformations change shape, but preserve the number of holes: mi1 = inv
e Time changes the system, but preserves energy: H = inv (if oL/ot = 0)

Heuristic: "What has not changed?" — the first question of a mathematician.

When to generalize, when to make concrete

Generalize, if:
e The proof works for a broader class
e Specific details are not used
* You want to understand the essence, discarding the "noise" of particulars

Make concrete, if:
e The general theorem does not give an explicit answer
e A computational result is needed
e The special case has additional structure
Example: Fixed point theorem (general) - Newton's method (concrete).

The general one says "exists", the concrete one says "how to find".

What to do when the proof does not go through
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1. Check special cases
Is the statement true for n=1,2,3? For the simplest examples?
If not — look for a counterexample, not a proof.

2. Weaken the statement
Perhaps it is true under additional conditions?
Perhaps a weaker estimate is true?

3. Strengthen the statement
Paradoxically, but sometimes a stronger statement is easier to prove.
Induction often requires strengthening the hypothesis.

4. Reformulate
The same problem in a different language (algebra o geometry  analysis).
Sometimes a different view makes the solution obvious.

5. Study analogous theorems
How were similar results proved? What ideas were used?

How to choose between formalizations

One problem — many languages (see introduction). How to choose?

Criteria:
e What operations are needed? (addition - linear alg, proximity - topology)
e What answer is needed? (existence - abstract, number - concrete)
e What is known? (symmetry - groups, smoothness - analysis)

Heuristic: Choose the language where the problem becomes standard.
Example: Heat equation
e Want to understand qualitative behavior - semigroups (e”~{At})

e Want to compute a concrete solution - Fourier or numerically
e Want to prove existence - functional analysis

Principle of economy of structure

Do not introduce more structure than needed for the solution.

Bad: "Let V — be a Hilbert space." (if only norm is needed)
Good: "Let V — be a normed space."

Why this is important:

e The proof works for a broader class

e Easier to understand what exactly is being used

e The result is easier to apply in other contexts
Exception: If additional structure makes the proof simpler,
sometimes it is worth using it, and then generalizing the result.

Intuition vs rigor
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A mathematician works in two stages:

Stage 1 (intuition): "Why should this be true?"
Pictures, analogies, physical reasoning, examples.
Goal: understand, not prove.

Stage 2 (rigor): "How to prove this?"
Formal definitions, logical steps, checking all cases.

Goal: convince (oneself and others).

Beginner's mistake: skipping stage 1.
Without intuition proof is blind enumeration.

Physicist's mistake: stopping at stage 1.
Intuition sometimes deceives (example: paradoxes of 19th century analysis).
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e e
PART II: SPACES
e e

Introduction: Different views on one space

Three Problems on Spaces

What can be done with mathematical objects?

Any work with a space (and with a mathematical object in general)
Reduces to one of three problems:

Classification — what kind of object is this? what is possible in principle?
Computation — find a specific value within the known
Construction — create a new object from existing ones

These three problems exhaust everything that can be done in mathematics.

Classification answers: What is this? What is possible in principle?
Result: "this is X, not Y", "this is possible / impossible", "there are exactly N of these"

Examples:
e Closed surfaces are exactly this many: spheres with handles + nonorientable.
e A rigid body has 6 degrees of freedom (not 5, not 7)
e Equation of 5th degree is not solvable in radicals (group Ss is unsolvable)
e Field F = grad ¢ exists < rot F = 0 and domain is simply connected
e Sphere and torus are not homeomorphic (different mi, different Y)

Classification establishes boundaries — what can be sought, and what is pointless.

Tools: topological invariants, symmetry groups, existence/uniqueness theorems.

Computation answers: Where exactly? How many? What value?
Result: number, coordinates, formula, specific object

Examples:
* Find roots of equation x3 - 2x + 1 =0
e Compute integral [e"o e~{-x2} dx = Vm/2
* Find eigenvalues of a matrix
e Determine shortest path on a surface (geodesic)
e Find minimum of function on a compact



Computation works within boundaries established by classification.
If classification says "does not exist" — there is nothing to compute.

Tools: algorithms, optimization methods, numerical methods,
analytical techniques.

Construction answers: How to obtain a new object from existing ones?
Result: new object that did not exist before

Examples:
* a x b — new vector from two given
*V ® W-— new space from two given
e G/H — quotient group (new group from group and subgroup)
* Q@ - R — completion (new space from old)
e Product M x N — new manifold
e Tangent bundle TM — new space over M
e Additional constructions in geometry (draw a line, drop 1)

Difference from computation: computation finds existing (root already exists,
we are searching for it). Construction creates — before operation a x b this vector did not ex:

Tools: operations (x, ®, A, /, x), constructions (completion,
covering, extension), universal properties.

Classification
"what is possible?"

Fommmem e Fmmmem e meaaa +
1 .

Construction Computation

"create new" "find within"
Fommmmeee - oo +

New objects
I
i
Classification of new.

Classification establishes boundaries -
Construction creates objects within boundaries -
Computation finds specific values -
Results may require new classification
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Classification (what is possible, invariants, types):
Groups — classification of symmetries and motions
Topology — classification of spaces by shape
Number theory — classification of numbers

Computation (find value, solve equation):
Linear algebra — systems of equations, eigenvalues
Analysis — derivatives, integrals, series
Functional analysis — equations in infinite dimension

Construction (create new object):
Vector products — (,), x, A, ©
Duality — V - V*

Tensors — multilinear constructions
Manifolds — gluing from charts
Diff. forms — forms from vectors

Most fields include all three problems in different proportions.

Space — central object of mathematics

All mathematics studies spaces and structures on them:
e Topology: shape of space (holes, connectedness)
e Algebra: symmetries of space (groups)
* Analysis: functions on space
e Geometry: measurements on space (metric, curvature)

Set (simply a collection of points)
| + topology (notion of "closeness", open sets)
.
Topological space
| + local Euclideanness (looks like R™ locally)
.
Manifold
| + metric (way to measure distances)
i
Riemannian manifold
| + physical equations
i
Spacetime (GR)

Parallel branch:

Set
| + linear structure (addition, multiplication by number)
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i}
Vector space
| + scalar product
i
Euclidean space Rn
| + infinite dimension
i
Hilbert space (quantum mechanics)

Main Spaces — catalog

Notation in table:

dim = dimension (how many coordinates needed to describe a point)

m: = fundamental group (which loops cannot be contracted to a point?)
means "all loops contract", Z — "there is one unclosed"

Hi = first homology group (similar to mi, but abelian version)

X = Euler characteristic =V - E + F (vertices - edges + faces)

Shape invariant: sphere x=2, torus x=0, projective plane x=1

Invariants — table

| SPACE |dim | m | H: | X | WHAT IT IS / WHERE IT APPEARS
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o mm e e e e e e e e e e e e e e e e e e e e e e oo e e et

| Trivial; zero-dimensional "world"

1

0

| Point {*}

T e e S T T LT

| Noncompact; time, temperature

Line R

Tk T R S T L T

| S* = {|z|=1}; angles, phases, periods |

| Group U(1).

0

z

| Circle
| S*

Ty, T

T T e

| Noncompact; ordinary geometry

| Surface of ball; Earth, sky

| A1l loops contract.

2

| Sphere S?

T T e

| Donut = S'xS?'; two angles

Z3 0

ZZ

| Torus T2

| Periodic boundary conditions

T T ey 8

"directions of lines"

| Nonorientable.

|
| RP2

1

| I |
| z/2 | 72/2 |
| | |
| | |

2

|
Projective |
|
|

| Nonorientable; 4D needed

0

|Z07/2

| 7Zxz

2

| Klein

T e

| bottle K

Space of rotations

3

| 3-sphere S3

(up to %)

Tk e e T T 4

| A1l rotations in R3
| = RP3 (not S3.)

7/2 Z7/2 0

3

| S0(3)

Tk T R S T L T

Ty, T

| Spacetime (SR)

4

| R* (space-
| time SR)

| Flat, Minkowski metric
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Theorem: Any closed surface is:

Orientable: Sphere with g handles (genus g)
g:@ g:]_ g=2
® ©0) X =2 - 29
sphere torus "pretzel"
Non-orientable: Sphere with k "crosses" (Mobius glued in)
k=1 k =2
RP2 K X=2-k
project. Klein

This is a complete classification. There are no other closed surfaces.

Many important spaces are simultaneously groups:

St = U(1l) = S0(2) — circle = rotation group of the plane

S3 = SU(2) — 3-sphere = group (double cover of S0(3))
S0(3) = RP3 — rotations in 3D = projective space
GL(n), SL(n), 0(n) — matrix groups = manifolds

These are Lie groups — groups which are simultaneously manifolds.

The fundamental group m: also connects:

m(St) =7 — integers as a group
mi(T2) = 72 — lattice
M1 (vnSt) = Fn — free group

Three attitudes toward space

Problem: define the subject of each area of mathematics

R R oo a +
| AREA | VERB | QUESTION |
R R o e e e oo +
| Differential | Measures | How is it arranged inside?|
| geometry | | (curvature, metric, angles) |
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| Algebraic | Distinguishes| How does it differ from |
| topology | | others? (invariants: mi, Hn)|
R R oo +
| Group theory | Transforms | What can be done with it? |
| | | (symmetries, actions) |
R R oo a +

| ALGEBRAIC TOPOLOGY | Space -» Group. Algebra as a tool. |
| ALGEBRAIC GEOMETRY | Equations - Space. Algebra as a source. |

If a set is dust, and topology is fabric, then a group is mobility.
A group answers the question: how can one move in space without breaking it?
What transformations are allowed?

In terms of "object—observer" the group is the key concept.

If the observer turns — the object looks different, but the object itself has not changed.
The group SO(3) is all possible rotations. Each element of the group — a specific
rotation. Composition — perform one rotation, then another.

Why this is fundamental: physical laws should not depend on how
the observer stands. "Covariance" in physics is the requirement that
equations look the same for all observers connected by a group.

An invariant of a group — that which does not change under any motions from the group.

For example, distance is an invariant of the rotation group. Two observers, rotated
relative to each other, will measure the same distance.

A group is a set of transformations of space preserving its
structure. Different groups "see" different things in one space:

e SO(3) sees rotations in R3 (preserves distances and orientation)

e GL(n) sees linearity (preserves lines and origin)
e Crystal symmetries see discrete lattice
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Equations of degrees 1, 2, 3, 4 are solved by formulas (Cardano, Ferrari).
Equation of degree 5: x> + ax* + bx3 + cx2 + dx + e =0

For almost 300 years people searched for a formula. Galois (at age 20) proved: it does not e
How? He connected the equation with the group of permutations of its roots:
If this group is "solvable" - a formula exists.

The permutation group of 5 elements is not solvable - there is no formula.

Thus group theory was born — from the question about solving equations.

Take any object — a book, a stone, a molecule.
What motions are possible with it, if it cannot be deformed?

Translations: can be moved to any point in space.
Three directions: forward-backward, left-right, up-down - 3 numbers.

Rotations: can be rotated around any axis.
Axis (2 parameters) + angle (1 parameter) - 3 numbers.

Total: 6 parameters. The position of a rigid body is described by 6 numbers.
Not 5, not 7 — exactly 6. This is a fact about the structure of space R3.

The set of all such motions is called SE(3) — the special Euclidean
group.

Motions possess certain properties:

1. Two motions in succession — also a motion
First translate, then rotate — we get some motion.
We don't go outside SE(3).

2. The order of grouping doesn't matter
(A then B) then C = A then (B then ()
This is a property of composition of any mappings.

3. There is "do nothing"
The identity motion — leave everything in place.

4. Any motion can be undone

Shifted 3 meters to the right - shift 3 meters to the left.
Rotated by 30° - rotate by -30°.
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These four properties are the axioms of a group.
They are not invented, but follow from the nature of the notion "motion".

R e R R +
| WHAT WE PRESERVE | GROUP | WHERE IT OCCURS |
R e R R +
| Distances and angles | E(3) | Rigid body (with reflections) |
| + orientation | SE(3) | Rigid body (without reflections) |
| Only angles | Conformal | Cartography, complex analysis |
| Parallelness | Aff(3) | Shadows in sunlight |
| Only straightness | PGL(3) | Perspective in painting |
| Volume | SL(3) | Incompressible fluid |
| Linearity | GL(3) | Any linear deformation |
oo tom e - R +

Fewer constraints - larger group:
Linear: S0(3) < 0(3) c SL(3) < GL(3)
Affine: SE(3) c E(3) c Aff(3)
Connection: GL(3) < Aff(3), but E(3) ¢ GL(3) (isometries include translations)

This is a classification: the group describes what transformations are possible.

If an object is fixed at one point (top, gyroscope, satellite),
only rotations remain. This is the group SO(3).

S0(3) { rotations of R3 around the origin }

{ orthogonal matrices 3x3 with det = +1 }

Dimension: 3 (three Euler angles, or axis + angle).
Important fact: SO0(3) — a non-abelian group.
Rotate around X, then around Y =# rotate around Y, then around X
You can check with a book:
1) place the book, rotate by 90° around the vertical, then
by 90° around the horizontal axis "away from you"
2) do it in reverse order

The results are different.

This is not an abstraction — satellite control must take this into account.
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Not all objects allow any rotations.
A salt crystal (cube) looks the same only under certain rotations.

Symmetries of a square — the group Da:

1---2 Original 4---1 Rotation by 90°
| | square | | clockwise

[ [
4---3 3---2

Possible transformations:
e 4 rotations: by 0°, 90°, 180°, 270°

* 4 reflections: with respect to horizontal, vertical, two diagonals

Total 8 elements. Not 7, not 9 — exactly 8.
This is the complete answer to the question "what are the symmetries of a square".

Symmetries of regular polyhedra

R tem - - B +
| POLYHEDRON | GROUP | NUMBER OF SYMMETRIES |
R temm - R +
| Tetrahedron | Td | 24 |
| Cube / Octahedron | Oh | 48 (they are dual) |
| Dodecahedron / Icosahedron | Ih | 120 |
oo L B L +

The cube and octahedron have the same symmetry group — they are "geometrically
equivalent" in the sense of symmetries (dual polyhedra).

Group — motivation and examples

Visualization: symmetries of the square

1---2 Initial 2---3 90° rotation 3---4 180° rotation
| | square [ | counterclockwise | |

(. (. I

4---3 1---4 2---1

2---1 Reflection 4---3 Reflection Total 8 symmetries:

| | (vert. axis) | | (horiz. axis) * 4 rotations

| | | | * 4 reflections
3---4 1---2

Any two symmetries can be combined - result is a symmetry.
Each symmetry has an inverse (return back).
There is an identity symmetry (do nothing).

This is the group Das — the dihedral group (symmetries of the square).
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B R R +

| AXIOM | MEANING IN TERMS OF TRANSFORMATIONS |

R R e I +

| Closure | Composition of two transformations — transform. |

| Associativity | (feg)oh = fo(goh)

| Neutral el. | Identity transformation id |
I

| Inverse element Each transformation is invertible |

Definition: Symmetry group of object X — set of all bijections X - X,
preserving the structure of X.

Necessity of axioms

oo R e +
| AXIOM | WHY NECESSARY

oo R +
| Composition | Sequential application of symmetries — symmetry |
| Neutral | Identity mapping preserves structure |
| Inverse | Inverse of a symmetry — symmetry |
| Associativity | Follows from associativity of function composition|
Fommmmm e T +

Formal definition

Group (G, ) — set G with binary operation - : G x G » G,
satisfying axioms:

Notation remark: (G, -) denotes a tuple (ordered pair),

where the first element — carrier set, second — operation (signature).
This is not the same as the pair {{G}, {G, -}} from set theory.
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Here brackets mean "structure = carrier + operations".

| AXIOM | FORMULA | MEANING |

Gl. Closure Va,b € G: a:b € G Result — element of G

G2. Associa- VYa,b,c € G: Brackets don't matter

tivity (a*b):c =a-(b-c)
G3. Neutral
element e'a =a'e =a

Va € G dJa-' € G:
ara"l =3 l:-g =-¢e

G4. Inverse
element

Everything cancels

| I
I I
I I
I I
I I
I I
de € G: Va € G: | "Do nothing" |
I I
I I
I I
I I
I I

Remarks:
e Neutral element is unique
e Inverse element for each a is unique
° (a—l)—l = a
e (a*b)-* =b-'-a-! (order reverses)

e R I +
| ABELIAN (order irrelevant) | NON-ABELIAN (order matters) |
e R R +
I I I
| (Z, +): 2+3 = 3+2 | Da: rotationereflection # reflectionerotation |
| (R, +): m+e = e+ | Sn (n=3): permutations |
| (R*, x): 2x3 = 3x2 | GL(n): matrices AB # BA |
| (Z/n, +): cyclic | SO(3): rotations in 3D |
I I I
I T +
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Examples of Groups — in Detail

Example 1: Integers (Z, +)

Set: 7z ={..., -2, -1, 0,1, 2, 3, ...}
Operation: addition +

Checking axioms:

Gl. Closure: a+be€Z forany a, b €7 v
(sum of integers — integer)

G2. Associativity: (a+b)+c = a+(b+c) v
(2+43)+4 = 5+4 = 9
2+4(3+4) = 247 = 9

G3. Identity: e =0, becausea+0=0+a=a v

G4. Inverse: a-! = -a, because a + (-a) =0 v

Additionally: a + b = b + a - Abelian group

Visualization: Shifts along the number line

+3 = "shift right by 3"
-2 = "shift left by 2"
0 = "stay in place"

Example 2: Cyclic group Z/n (or Z»)

Set: Z/n =4{06, 1, 2, ..., n-1}

Operation: addition modulo n

Example: 7/4 = {0, 1, 2, 3} — "clock arithmetic" with 4 divisions
Cayley table (group multiplication table):

+ 1 6 1 2 3
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+

| 2 3 0 — identity element

| 3 0 (row and column for 0

| 0 1 coincide with headers)

| 1 2

Check: 2 + 3 =5mod 4 =1 v (see table)
3+3=6mod4=2 v

Visualization: Identity: e = 0
Inverses:
0 0-* =0 (0+0=0)
3 1 1-1 = 3 (1+3=4=0)
2 2-1 =2 (2+2=4=0)
3-1 =1 (3+1=4=0)

Shifts around a circle of 4 points
Generator: Element g whose powers give the entire group.
In Z/4: g = 1, because 1, 1+1=2, 1+1+1=3, 1+1+1+1=0

Also g = 3 works: 3, 3+3=2, 3+43+3=1, 3+3+3+3=0
But g = 2 doesn't work: 2, 2+2=0, 2+2+2=2, ... (not all elements)

Example 3: Symmetries of equilateral triangle Ds

Symmetries of triangle — all ways to place it "in the same manner":

1
/\ Rotations: e = don't rotate
/ \ r = by 120° counterclockwise
/ \ rz = by 240° (= rer)
/ \
3 2 Reflections: si1 = with respect to altitude from 1

s2 = with respect to altitude from 2
s3 = with respect to altitude from 3

Total 6 elements: Ds = {e, r, r?, si, Sz, Ss3}

Cayley table (composition: first column, then row):

° | e r r2 S1 S2 S3
...... e e e e e e e e e e e —— -
e | r r2 S1 S2 S3
r | r rz. e S3 S1 S2
rz .| r2 e r S2 S3 S1
s1 | s1 S2 s e r r2
s2 | s2 S3 S1 rz e r
s3 | ss3 S1 S2 r r2 e
Observations:

e rosi =53, but si1 o r=s2 - non-abelian
e Subgroup of rotations {e, r, r2} = 7Z/3 — abelian
e Each reflection: si? = e (apply twice = nothing)
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Physical meaning: Ds describes the symmetry of a molecule with triangular structure
(for example, BFs — boron trifluoride)

Example 4: Permutation groups Sn

Sn = all permutations of n elements
|Sn| = n! elements

Example: Ss — all permutations of {1, 2, 3}

Notation: o = (o(l), o(2), o(3))

e = (1, 2, 3) - identity permutation

o1 = (1, 3, 2) — swaps 2 and 3

62 = (3, 2, 1) — swaps 1 and 3

o3 = (2, 1, 3) — swaps 1 and 2

6a = (2, 3, 1) - cyclic shift 1-2-3-1

os = (3, 1, 2) - cyclic shift 1-3-2-1
Composition: (o o 1)(Xx) = o(t(x)) — first T, then o

Cycle notation (more compact):
03 = (1 2) — transposition (swaps 12, rest in place)
c6sa = (1 2 3) — 3-cycle (1-2, 2-3, 3-1)

Fact: Ss = Ds (permutation group of 3 elements is isomorphic to symmetries of A)
Critically important:
Ss — unsolvable group (its normal series does not reach {e}

through abelian factors). By the Abel-Ruffini theorem this means
that the quintic equation is not solvable by radicals.

Example 5: Nonzero real numbers (R*, x)

Set: R* = R \ {0} = all reals except zero

Operation: multiplication x

Checking axioms:

Gl. Closure: a xb€R* fora, b=z20 v
(product of nonzero is nonzero)

G2. Associativity: (axb)xc = ax(bxc) v
G3. Identity: e =1, becauseax1l=1xa-=a v
G4. Inverse: a-! = 1/a, because a x (1l/a) =1 v

(this is why 0 is excluded — it has no inverse)
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Why (R, x) is not a group:
0 x (anything) = 0, but 0 x ? =1 has no solution.
Zero has no inverse element.

What is not a group — counterexamples

R R e R P +
| STRUCTURE | Why not a group | How to fix |
R e R T +
I I I I
| (N, +) | No inverses: | - (z, +) add |
| natural numbers | 3 + ? = 0 unsolvable | negatives |
I I I I
R e oo +
I I I I
| (z, x) | Inverses not integer: | - (Q@*, x) switch |
| integers | 2-* =% ¢ 7 | to rationals |
I I I I
R e R +

| | | |
| (R, x) | © has no inverse | - (R*, x) remove 0 |
| real numbers | © x ? =1 unsolvable | |
| | | |

I I I I
| nxn matrices | | - GL(n) only |
| with x | | invertible (detz0) |
I I I I

Subgroups

Definition:
H = G is called a subgroup of G (notation =, not <€), if H is a group
with respect to the same operation (inherited from G).

Notation H = G is standard for subgroups, H € G — for subsets.

Subgroup criterion (convenient for verification):

e e P +
| H=G & H=#wo and Va,b € H: a-b-! € H |
e P +

(One condition instead of four axioms)

Why it works:
e H# 2 =3a €H=a-a?!*®=e €H (neutral exists)
e e €Hs=eb*=>b?*€H (inverses exist)
*a, bo* €H=a-(b"%*)"* =a-b €H (closure)
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Group subgroup notation
(z, +) Even numbers 27 27 < 7
Multiples of 3: 37 37 < 7
Multiples of n: nZ nZ <7
(R*, x) Positive R+ R+ < R*
{lr _l} {il} < R*
Da (symmetries 0O) Rotations {e, r, r2, r3} = 7/4
{e, rz} =7/2
{e, s} for any reflection =7/2
GL(n) (invertible SL(n) = {A : det A =1} special linear group
matrices) O(n) = {A : ATA = I} orthogonal group
SO0(n) = 0(n) n SL(n) special orthogonal
Trivial subgroups:
{e} — trivial subgroup (exists in any group)
G — the group itself (improper subgroup)
Lagrange's Theorem
e +

I
I
| |H| divides |G|
I
I

Moreover: |G| = |H| x [G : H], where [G : H] is the subgroup index|

Corollaries:

e The order of an element divides the order of the group
(order of element a = smallest n: a" = e)

e A group of prime order p is cyclic
(no other subgroups except {e} and G)

e In S4 (24 elements) subgroups can have order

1, 2, 3, 4, 6, 8, 12, 24 (divisors of 24)
Subgroups of order 5 or 7 are impossible
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Homomorphisms and Isomorphisms

Homomorphism — a mapping that preserves structure

A mapping ¢: G - H is called a group homomorphism if:

Properties (follow automatically):
e ¢(eG) = eH (image of neutral is neutral)
e ¢p(a-') = ¢(a)-? (image of inverse is inverse)

Examples of homomorphisms:

R e +
| HOMOMORPHISM | VERIFICATION: ¢(a-b) = ¢(a)*¢(b) |
e e e e +
| exp: (R,+) - (R*,x) | exp(a+b) = exp(a)xexp(b) v |
| det: (GL(n),x) - (R*,x) | det(AB) = det(A)xdet(B) v |
| sign: (Sn,°) - ({x1},x) | sign(ocet) = sign(oc)xsign(t) v |
| mod n: (Z,+) - (Z/n,+) | (a+b) mod n = (a mod n)+(b mod n) v |
R e +
Kernel and image

For homomorphism ¢: G - H:

R dmmmmem e eeeeaa e Fmmmmee e eemeea e +

| CONCEPT | DEFINITION | PROPERTIES |

R R R R T R R +

| Ker(e) | {a € G : @(a) = eH} | Normal subgroup of G |

| (kernel)| What maps to neutral | @ inject. & Ker={e} |

R R R R R T R +

| Im(o) | {e(a) : a € G} € H | Subgroup of H |

| (image) | Where G maps to | ¢ surject. & Im=H |

R R P R +

Example: ¢: Z - 7Z/6, ¢(k) = k mod 6
Ker (o) 6z = {..., -12, -6, 0, 6, 12, ...}
Im(g) z/6 = {06, 1, 2, 3, 4, 5}
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Theorem: For any homomorphism ¢: G - H the following holds:

G / Ker(p) = Im(g)
Geometric intuition:

G H
Fom e + R +
| oooo | ] I |
[ || | | | --------- > | e o | Im(p) — where we landed
| ocooo | N |
[ | | o o |
| oooo | [ |
e + R +

i
Glue elements
with the same image

i
tom o - +
| @ @ | G/Ker(p) - cosets
| @ @ | (elements mapping to one point are glued)
R +

Meaning: "Factorization by kernel removes everything redundant and leaves only the image"

Factor group G/H is the quotient set G/~, where

equivalence relation ~ is defined as g1 ~ g2 < g192-! € H.

Key condition: for the group operation to be well-defined on G/~,
subgroup H must be normal (gHg-* = H for all g € G).

Example: ¢: Z - Z/6, Kk » k mod 6

6z =4{..., -6, 0, 6, 12, ...}
7/6

Ker (o)
Im(o)

Theorem: Z / 6Z = 7/6 v
(factor group by kernel is isomorphic to image)

Isomorphism — when groups are "the same"

Isomorphism ¢: G » H — homomorphism + bijection. We write G = H.
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"G and H — one group, differ only by names of elements"

+ e L +
| | WHY IT WORKS |
e B +
| | Even o all integers |
| | Addition & multiplication|
I I
I I
+ +

k » (k mod2, mod3) Chinese remainder thm |

St = U(1) S0(2) ei® o rotation by 6| Circle = rotations |
R e e S I +
7/2 = {1} (two elements, one structure)
0(0) =1, o(1) =-1
Ss = Ds (6 elements, symmetries of a)

Non-isomorphic:

Z/4 # 7/2 x 7/2

(different structure)

In 7Z/4 there is an element of order 4 (generator).
In 7/2 x 7Z/2 all elements have order = 2.

Groups in physics and life

Applications of groups
----- e e R

B

| Crystallography
I

| GROUP | WHAT IT DESCRIBES

----- o mm e e e e e e et

I |
| 230 space groups | All crystal symmetries

| | NaCl: cubic symm. - optics
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Standard model
of particle physics

Thermal physics
(example for engineer)

I
u(l) | Electromagnetism (phase)
SU(2) | Weak interaction
SU(3) | Strong interaction (quarks)
I
I

U(1)xSU(2)xSU(3) Entire Standard model

___________________ e
I

S0(3,1) | Lorentz: preserves speed of light|
| 3 space + 1 time
I

___________________ e
I

SU(2) | Particle spin
| e=: spin % - rotation 720°.
I

___________________ S
I

7/12 | 12 semitones, transposition
I

___________________ S
I

(Z/n)* | RSA: multiplicative group

Elliptic curves | Groups of points on curves
I

___________________ Fem e m e m e e mm et m e mm et mm e, — -

Similarity group

I
I
(scaling) |
| Finding formula Nu = f(Re, Pr)
| = choosing Lie group orbit by
| values of invariants (Re, Pr)
I
| Phys.quantities (a, A, v, L) —
| coordinates on manifold,
| symmetric with respect to
| action of scaling group
I
................... s
Any G Counting "up to symmetry"

Burnside's lemma

Sylow theorems — structure of finite groups

Let |G| = p"*m, where p is prime and gcd(p, m) = 1.

Sylow subgroup: subgroup of order pn (maximal p-power)
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*np =1 (mod p)

* np divides m = |G|/p"

Application — classification of small groups:

|G| = 15 = 3:5: n3 | 5and ns =1 (mod 3) = ns 1
ns | 3 and ns 1 (mod 5) = ns 1
Unique Sylow subgroups = normal = G = Zis

Sylow theorems — powerful tool: from the size of a group one can derive
its structure.

Where it leads — connection with other areas

| DIRECTION | CONNECTION | IDEA |

l
3
Q
>
-
—h
o
—
o
(7]

I I
| Group + smooth structure |
| SO(3), SU(2), GL(n) |
I I

P
D
©
)
0]
0
0]
S
—~+
Q
—~+
[
o
S
—~+
>
(0%
o
B
<
{
—
=
S
Q
—
(o]

g » matrix p(g)
Group through 1lin. algebra

LT domm s e +
I I I I
| Noether's theorem | - (DE) | Symmetry - conservation law |
| | | Shift t - energy |
| | | Rotation - angular momentum |
I I I I
P R o e e e e oo +
I I I I
| Fund. group m: | - (topology) | Loops form a group |
| | | Classification of spaces |
I I I I
I oo R e +
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From simple to complex

Set
I
| + one operation + group axioms
i
Group (G, -)
I
| + commutativity
i
Abelian group
I
| + second operation with distributivity
)
Ring (R, +, x)
I
| + inverses for x
)
Field (F, +, x) « multiplication commutative

Important: Field = commutative multiplication (ab = ba).
If we remove commutativity = Division Ring.
Example of division ring: Quaternions H (ij =# ji).

Further — another type of object (not "special case of field",
but new set V with action of field F on it):

Set V + field F + addition in V + multiplication by scalars from F
.
Vector space (V over F)
I
| + norm |||
.
Normed space
I
| + completeness (all limits exist)
.
Banach space
I
| + inner product (||x]|2 = {x,x)})
i
Hilbert space

Each level inherits structure from previous + adds new.
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Group = minimal structure for describing symmetries.

If you can:
e Combine transformations (composition)
* Do nothing (neutral)
* Undo actions (inverse)

— we have a group.

Symmetries of an object determine its properties.
Symmetry group is the "DNA" of an object.

Problem: Turbine rotor with 6 blades. During rotation vibration occurs.
Need to understand which blade defects cause which vibration frequencies.

°
/\ Symmetry group of rotor:
/ |1\ Ce = {e, r, rz, r3, r4, rs}
° | ° where r = rotation by 60°
| o |
° | ° This is cyclic group of order 6
N/
\|/
°

Key fact: Rotor vibration decomposes by representations of group Cs

T Fmmmemememeeeeemaa e fmmmmem e e eemeeeeeeaeeemaaaaa. +
| REPRESENTATION | PHYSICAL MEANING | VIBRATION FREQUENCY |
R T T T +
| Trivial | ALl blades equally | No vibration (perfect balance) |
| (symmetric) | deflected | |
R T oo e +
| Alternating | Alternation + | f =3 x rev/s (3-fold) |
| | "every other" |

P R R e +
| 2-dimensional | Imbalance "wave" | f=nx rev/s (1x, 2x) |
| representations | around circumference| |
P R R e +

Practical application:
e If vibration at frequency 1lx rev/s - static imbalance (one blade)
e If vibration at frequency 2x rev/s - pair of opposite blades
e If vibration at frequency 3x rev/s - every second blade

Group theory allows classification of imbalance types before measurements
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Three phases: A, B, C with 120° shift
Symmetry group: Cs = {e, r, r2} where r = phase shift by 120°

e Symmetric load (all phases identical) - current in neutral = 0
e Symmetry violation - current in neutral = 0

Method of symmetrical components (Fortescue): decomposition of asymmetric
system into symmetric components — this is decomposition by representations of Cs.

Hierarchy of algebraic structures

Each structure — answer to the question: "What do we want to be able to do?"

Want to add - Semigroup

+ there is "zero" - Monoid

+ can subtract - Group

+ order doesn't matter - Abelian group
+ can multiply - Ring

+ can divide (except by 0) - Field

The more operations — the more we can do, but the fewer examples.

Semigroup ------ - monoid ------ - group ------ - abelian group
| I I I
associativity + identity + inverses + commutativity
a(bc)=(ab)c are=a ara - l=e ab=ba
I I I I
Example: Example: Example: Example:
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(N*+, +) (N, +, 0) (z, +, 0) (Z, +)

Abelian group ------ - ring ------ - field

(one operation) + multiplication + division

distributive (except 0)
a(b+c)=ab+ac az0 - Ja-*
I I I
Example: Example: Example:
(z, +) (z, +, %) (@, +, x)

Where encountered in real life

Fom e R e +
STRUCTURE | EXAMPLES |
Fom e R e +
I I
Semigroup | String concatenation "abc"+"def"="abcdef" |
| (actually monoid — there is empty string "") |
I I
Fom e R e e +
I I
Monoid | (N, +, 0) — naturals with zero. Cannot subtract.
| Functions with composition o and identity id |
I I
R R e +
I I
Group | Symmetries (everything can be undone) |
| Cryptography: elliptic curves, RSA |
I I
R R e +
I I
Ring | Polynomials Z[x] — can +,-,x, but not =+
| Matrices nxn — not every one is invertible |
| Integers Z — 5+2 is not an integer. |
| |
o e +
| |
Field | @, R, € — everything possible: +,-,x,+
| Finite fields Fp, — cryptography, codes |
I I
o e e +
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Summary table:

oo S oo e oo oo +
| STRUCTURE | ASSOC. | IDENTITY| INVERSES | COMMUTAT. | x | DIVISION|
P R B R R R +
| Semigroup | v I I | [ I
| Monoid | v | v I | [ I
| Group | v | v % I [ I
| Abelian group | v | v | v | v | | |
| Ring | v | v % | (+) [ v | I
| Field | v | v % | v~ | v | v I
oo Fomm e R R R R +

When you see a new object, ask: "What structure is this?"

* Matrices — ring (can multiply, cannot always divide)
e Functions [0,1]-R — vector space (over field R)

e Permutations — group (everything invertible)

* Polynomials — ring (or even algebra over field)

Knowing the structure — you know which theorems are applicable.

Rings and fields — arithmetic + algebra

Rings and fields — this is not abstraction for the sake of abstraction. This is the foundation:

e Cryptography: RSA works in ring Z» (residues from division)
e Error codes: QR codes, CD, internet — Galois fields GF(2%)
e Discrete mathematics: hash functions, checksums

e Signals: Z-transform — this is a ring of formal series

Main idea: sometimes arithmetic is needed where numbers "wrap around"
(like a clock: after 12 comes 1), or where division works differently.

Group — this is one operation. But in arithmetic there are two: addition and multiplication.
How to combine them?
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Intuition: Ring — this is "arithmetic" where you can add, subtract,
multiply, but not necessarily divide.

Formally: a ring (R, +, -) is a set R with two operations:

e (R, +) — abelian group (addition works as usual)

* (R, ) — monoid (multiplication exists, but inverses may not be)

e a(b+c) =a'b+ a-c (distributivity — brackets expand)
Examples:

R e +

| Ring | Why ring, not field |

R e +

| Z (integers) | 2 not invertible: 1/2 ¢ 7 |

| Zn (residues) | If n not prime, there are zero divisors |

| Z[x] (polynomials) | x not invertible: 1/x — not polynomial |
| Mn(R) (matrices) | Degenerate matrices not invertible |

Zero divisors — strangeness of rings:
InZs: 2 - 3 =6 =0 (mod 6)
Both factors nonzero, but product = 0.
This does not happen in ordinary numbers — sign of structure "defect".

Intuition: Field — this is "full-fledged arithmetic" with division.
Everything we were taught in school about numbers — these are properties of fields.

Formally: Field — ring where each a # 0 has inverse a-!.

Examples of fields:
e @ (rationals) — minimal field containing Z
* R (reals) — completion of Q
e C (complex) — algebraically closed
e Zp = Z/pZ for prime p — finite field (important for cryptography)
(in modern literature often written F,; the notation Z p
— with underscore — is reserved for p-adic integers)

Why is Z, — field for prime p?
In Zs: elements {0, 1, 2, 3, 4}

Inverses: 1

1= 7,

1- 2" 3 (because 2-3
3-1 =2, 41

4 (because 4-4

6 =1 mod 5)
16 = 1 mod 5)

Each nonzero element invertible. This is field.
Why is Zs — not field?
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In Ze: 2 - 3 =0, so 2 and 3 — zero divisors.
Zero divisor cannot be invertible (otherwise 0 = 2-1:0 = 2-1:2:3 =3 # 0).

Theorem: Zn — field < n prime.

Intuition: Ideal — this is generalization of concept "all numbers divisible by n".

In Z: set of all numbers divisible by 3 - this is {.., -6, -3, 0, 3, 6, ..}
Notation: 3Z or (3)

Key property: if a divisible by 3, then also a-k divisible by 3.
"Divisibility absorbs multiplication" — this is definition of ideal.

Formally: Ideal I ¢ R — this is subset such that:
e I — subgroup under addition
*a€I, r€R = r-a€l (multiplication by any element stays in I)

Examples:
oo o e o e i ieeoeeaoo-o- +
| RING | EXAMPLES OF IDEALS |
oo o e o e i ieeoeeaoo-o- +
| 7 | nZ = {nk : k € Z} — all ideals such |
| RIx] | (x2 + 1) = all multiples (x2 + 1) |
| C(X) (functions) | {f : f(xe) = 0} — functions with zero at xo |
oo o e e e e eeea—oao +

Why ideals?
Ideals allow "gluing" elements of a ring — as normal subgroups
allow gluing elements of a group. Result — quotient ring.

Intuition: Quotient ring R/I is a "gluing" of elements differing
by an element from I. As if everything from I became zero.

Main example:

7/37 = {07, 17, 27} — remainders from division by 3

Here 0" = {..., -6, -3, 0, 3, 6, ...} (all multiples of 3 "glued" into 0)
1~ ={..., -5, -2, 1, 4, 7, ...}
2 =4{..., -4, -1, 2, 5,8, ...}

Arithmetic: 27 + 2" =47 =17, 27 - 27 =47 = 1"

More profound example — how to construct C:
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Problem: in R there is no root of -1.
Solution: €C = R[x]/(x%2 + 1)

Take polynomials in x with coefficients from R.
"Glue" all multiples of (x2 + 1), that is, set x2 + 1 = 0.

Then x2 = -1, and x plays the role of 1i.

Elements: a + bx (higher powers reduce: x? - -1)
This is precisely complex numbers a + bi.

Theorem: A finite field exists if and only if the number
of elements = p" (power of a prime). Notation: GF(p") or F {p"}.

e GF(2) = {0, 1} — binary arithmetic (XOR = addition)
* GF(28) = 256 elements — used in AES, QR codes
e GF(p) = Zp — simplest finite fields

Example: GF(4) — field of 4 elements

Cannot simply take Z4 — there 2:2 = 0, zero divisors.

Correct construction: GF(4) = GF(2)[x]/(x%? + x + 1)
Elements: {0, 1, x, x+1} with arithmetic mod 2 and mod (x2? + x + 1)

Multiplication table:

ek S e +--m--- +
el 1 x| x|
ek S e +--m--- +
lejoe] © | © | 0 |
| 1] 0| 1 [ X |  x+1 |
| x | 0 | X | x+1 | 1 | « x2 = x+1 (from x2+x+1=0)
[x+1] 0 | x+1 | 1 | X |
LS LT e - tommaa- +

Application: Reed-Solomon codes (CD, DVD, QR) work over GF(28).
This allows correcting errors mathematically precisely.

Set (just elements)

v + one operation
Semigroup (associativity)
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v + neutral element
Monoid
I
v + inverse elements
Group
I
v + commutativity
Abelian Group
I
v + second operation (multiplication) + distributivity
Ring (Z, Z[x], matrices)
I
v + no zero divisors
Integral Domain (Z)
I
v + every nonzero invertible
Field (@, R, C, Zp)

At each step a property is added - structure becomes "better".
Field — the most "nice" arithmetic structure.

Number Theory — Arithmetic as Structure

Number Theory as a View on Space

Numbers are not just objects for computation. Numbers form spaces
with rich structure.

oo I e
| SPACE | STRUCTURE | WHAT WE STUDY
Fmmmemmmeme e eaaaa T fmmmemememeeeeeeeeeeemeaaaaan
| Zz | Ring (+ and x) | Divisibility, prime numbers|
| | + order |

R I R e
| Zn = Z/nZ | Finite ring | Modular arithmetic

| (remainders mod n)| When n=p — field. | Cryptography

T R T e
| @ (p-adic) | Field with ultrametric | Local analysis

[ | [x+y|s = max(|x]|»r,|y|r)| Diophantine equations

R R e e
| Z[i] (Gaussian) | Ring in C | Sums of two squares

| | Euclidean |

R R R e

Key idea: The same number can be considered in different spaces

Number 7:
e In Z: prime, irreducible
e In Z7: zero (7 = 0 mod 7)
e In 7Z[i]: still prime (7 = 3 mod 4, not a sum of two squares)
e In Z[V-5]: remains prime
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Number 6 in Z[v-5]: two different factorizations.
=2+ 3= (14/-5)(1-V-5)
This shows that in Z[v-5] there is no uniqueness of factorization.

Number theory studies how arithmetic properties depend on

the algebraic structure of the space.

Number theory studies properties of integers. This is one of the most ancient areas
of mathematics, but it is connected with the most modern ones: cryptography, algebraic
geometry, representation theory.

a | b means "a divides b" < 3k € Z: b = a-k

T LI T R L L T +
| CONCEPT | DEFINITION

LT R L L T +
| GCD(a,b) = gcd | Greatest common divisor |
| | max{d : d|a and d|b}

Fom e R L T T L +
| LCM(a,b) = lcm | Least common multiple

| | min{m > @ : a|m and b|m} |
Fom e R L L TSRS +
| Coprime | gcd(a,b) =1

D LT L L LTSRS +
| Prime number p | p> 1, divisors only 1 and p |
LT R L LT T S +

Key relation: gcd(a,b) - lcm(a,b) =a - b

Each natural number n > 1 uniquely (up to order) factors into a product
of primes:

n = pi~{ai} - p2"{az} - ... - p«~{ax}
| Examples:
| 66 =22 - 3 -5
I
I

|
|
100 = 22 - 52 |
2024 = 23 - 11 - 23 |
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Corollaries:

R T R DT R LT T L L L +
| OPERATION | THROUGH FACTORIZATION |
L LT T e L L L TR +
| gcd(a,b) | Product of p~{min(as, bp)} over all p |
| lcm(a,b) | Product of p~{max(as, bp)} over all p |
| a | b | ap = bp for all p

| Number of divisors | (ai+l)(az2+1):---(ax+1) |
T Ty T +

Analogy with vectors:
Number n o vector (a:, a2, as, ...) — exponents of primes
Multiplication  vector addition
gcd o componentwise min
lcm « componentwise max

R L +
| PROPERTIES (congruences can be added, multiplied, raised to powers) |
R e R +
| a=b, c=d = a+c=b+d (mod n)

| a=b, =d - a-c=b - d (mod n)

| a=b - ak = bk (mod n)

R R +

Field. Every nonzero element is invertible. |
Example: Zs, where 2:3 =6 =1, so 2-! =3 |

>
1l

p-q Has zero divisors. In Ze: 2:3 =0 |

CRT (Chinese Remainder Theorem):
If gcd(m,n) = 1, then Znn = Zn x Zn
Practically: system x = a (mod m), x = b (mod n) has unique solution
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¢@(n) = Euler's function = count of numbers from 1 to n coprime with n

R T R +
| n | o(n) | FORMULA |
R P R +
| p (prime) | p-1 | ALl except O coprime with p |
| p* | p* - pk-* | = p (1 - 1/p) I
| m-n | o(m)-@(n) | if gcd(m,n) = 1 (multiplicative) |
| general | n[(1 - 1/p) | product over all primes p | n |
R R R e I +

Theorems:

R R e +
| Fermat's little | a» = a (mod p) for any a |
| theorem (p prime) | If gcd(a,p)=1l: ap-* =1 (mod p) |
oo B +
| Euler's theorem | a~{e(n)} =1 (mod n) if gcd(a,n)=1 |
| (generalization) | This generalizes Fermat to composite n |
oo B +

Application — RSA cryptography:
Choose large primes p, q. Let n = p-q, ¢(n) = (p-1)(g-1).
Choose e coprime with ¢(n), find d: e-d = 1 (mod ¢(n)).
Encrypt: ¢ = m®¢ mod n. Decrypt: m = c¢ mod n.
Works by Euler's theorem: m~{ed} = m™{1 + ko(n)} = m (mod n).

R is the completion of @ with respect to the usual metric |x - y]|.
But there are other metrics on Q.

p-adic norm:
[xX]p = p*{-Ve(X)}, where vp(x) = degree of p in the factorization of x

e T +
| Examples (p = 5): |
| |25|s = 5-2 = 1/25 (25 = 52, many fives - small norm) |
| |1/5]|s = 5t =5 (few fives in numerator) |
| |7|s = 5° =1 (no fives at all) |
| 10]s =8 I
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R T T o L +
| PROPERTY | USUAL NORM |- | | p-ADIC |-|» |
R P R e T +
| Large numbers | Far from 0 | Can be close to 0! |
| Triangle | Ix+y| = [x]|+]y] | Ix+y[e = max(|x]e,|y]e) I
| [ | (Ultrametric — stronger) |
| Completion | R | @» (p-adic numbers) |
| Alg. closure | € (dim 2 over R) | Co (infinite-dimensional) |
R R e +

Why is this needed:
e Local-global principle: an equation has a solution in Q
has a solution in R and in all @, (with caveats)
e Modern algebraic geometry works over all these fields
e Number theory: many problems are easier to solve "locally" in Qp

Connection with other areas

(z/nZ)* — group of invertible elements |
Order = ¢(n), Lagrange's theorem - Euler |

Z — principal ideal domain |
Ideal (n) = nZ, quotient ring = Zn |

| Fields
I

Fem e e e e r e e e e -
| Topology
I

Fp = Z/pZ — finite field, extensions - codes |
Qp — local field for arithmetic geometry |

Z p = lim Z/p"Z — projective limit |
(p-adic integers; not to be confused with Fp) |
Topology on Z p: basis = classes mod pn |
deemmccc e e e e e e e e—e -
| Complex analysis

e e

C(s) = X n-s — Riemann zeta function |
Connects prime numbers and complex analysis |

Galois theory — why there is no formula for roots of degree 5

Quadratic equation is solved by a formula (known for ~2000 years).
Cubic and quartic — also (Cardano, Ferrari, 16th century).

For fifth degree Abel (1824) proved: there is no general formula.
Galois (1832) explained why — and created group theory.

Key idea:

To each polynomial p(x) corresponds a group Gal(p) — the group of
permutations of roots preserving all algebraic relations.
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Galois theorem:
A polynomial is solvable by radicals (roots are expressible via +, -, x, +, V)
if and only if its Galois group is solvable.

Why this works:
Root extraction v» adds a "layer" of symmetry — a cyclic group Z/nZ.
Solvable group = can be decomposed into a "tower" of cyclic subgroups.
Symmetric group Ss is not solvable (contains simple group As).
Therefore general polynomial of degree 5 is not solvable by radicals.

Galois correspondence:

R e R +
| SUBGROUPS Gal(p) | INTERMEDIATE FIELDS |
R e e e +
| Gal(p) | Q@ (base field) |
| {e} (trivial) | Splitting field |
| Normal subgroup H <« G | Normal extension |
R e m e e e e +

This bijective "dictionary" between groups and fields is one of the deepest
ideas in mathematics: the problem of equations is solved through symmetries.

Table of groups — systematics of symmetries

Group = symmetries of an object
Problem: classify groups and their connections

Hierarchy of groups

A1l groups
/ \
Finite Infinite
/ \ / \
Abelian Non-abelian Discrete Continuous
| | | (Lie groups)
Z/n, ... Sn, Dn, ... Z, Fn, ... |

Compact / Non-compact

I I
S0(n), SU(n) Rr, GL(n)
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Finite groups — complete classification exists

L e oo e e e e e ee oo +
| GROUP | ORDER | WHAT IT IS GEOMETRICALLY / CONNECTIONS |
R R e T +
I I I I
| {e} | 1 | Trivial: "do nothing" |
I I I I
I R R I +
I I I I
| Z/n | n | Cyclic: rotations of n-gon |
| | | = roots of unity: {1, w, w?, ...}, w = e~(2ni/n)|
| | | Abelian. Z/p (p prime) — simplest "atoms" |
I I I I
I tom e - T T +
I I I I
| 2/2 x 7/2 | 4 | Klein group: symmetries of rectangle |
| (Klein | | not cyclic. (no element of order 4) |
| four-group) | | I
I I I I
R R I +
I I I I
| Dn | 2n | Dihedral: rotations + reflections of n-gon |
| | | D = Ss (unique case) |
| | | Non-abelian for n = 3 |
I I I I
T tomm e m - R +
I I I I
| Sn | n! | Symmetric: all permutations of n elements |
| | | Any finite group c S» (Cayley's theorem) |
I I I I
T temmmm e - R e +
I I I I
| An | nt/2 | Alternating: even permutations |
| | | As — simplest non-abelian simple group |
| | | As = symmetries of icosahedron |
I I | I
e L oo e e e e e e ee oo +
I I | I
| Qs | 8 | Quaternion: {x1, =i, =*j, =k} |
| | | Non-abelian, but all subgroups are normal |
| | | Connection with rotations in 3D (see quaternions) |
I I I I
I R e i +
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Infinite discrete:

Integers: shifts by integer along line
m1(S') = Z — fundamental group of circle. |
Unique infinite cyclic group

Lattice: vertices of integer lattice in R"
mi(T") = Z~ — fundamental group of n-torus |

Free on n generators: all words from n letters
mi(vnSt) = Fn — wedge of n circles
"Universal": any group is its quotient
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Lie groups (continuous) — symmetries of physics:

T e +
| GROUP |dim | WHAT IT IS / WHERE IT APPEARS |
oo R e e e +
I I I I
| U(1l) = S* | 1 | Complex numbers |z|=1, rotations of plane |
| | | Phase in quantum mechanics, electromagnetism |
I I I I
oo B e e +
I I I I
| SO(2) | 1 | Rotations of plane (= U(l) as Lie groups) |
I I I I
I B e e +
I I I I
| SO(3) | 3 | Rotations in R3: orientation of rigid body |

| | | not simply connected m1(S0(3)) = 7Z/2 |
I | I I
oo B e e I +
I | I I
| SU(2) | 3 | Unitary 2x2 with det=1, double cover of SO0(3) |
| | | Spin in quantum mechanics.

| | | SU(2) = S3 (3-sphere) — simply connected |
I I I I
| | | Important for robotics: |
| | | Quaternion q and —-gq give the same rotation. |
| | | Rotation by 360° gives -1, need 720° to return to 1.

| | | This is not a bug, it's topology: mi1(SO0(3)) = Z/2. |

I | I I
P B e e +
I | I I
| SU(3) | 8 | Symmetry of strong interaction (quarks) |
| | | Standard model: SU(3)xSU(2)xU(1) |
I I I I
Fmmmem e mmme e e T e T S +
I I I I
| SO(3,1) | 6 | Lorentz group: symmetries of spacetime |
| | | Special theory of relativity |
I I | I
T R T e +
I I | I
| GL(n,R) | nz2 | ALl invertible nxn matrices (det # 0) |
| | | "General linear group"

I I I I
oo R e e e +
I I I I
| SL(n,R) [n2-1| Matrices with det = 1 (preserve volume) |
I I I I
R B e e +
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Key connections

1. Fundamental groups (topology - algebra):
mi(St) =7, mi(T2?) =72, mi(vaS?) = Fn

2. Coverings (connection between groups):
SU(2) -2:1* S0(3), R - S (exp), SL(2,C) ~»2:* SO0(3,1)

3. Classification of finite simple groups (completed ~1980):
Cyclic 7Z/p + Alternating An (n=5) +
Groups of Lie type + 26 sporadic (including "Monster")

4. Classification theorem for finite abelian groups:

Any = Z/n1 x Z/n2 x ... x Z/nk (unique decomposition)

Groups describe symmetries — what can be done with space. But to
talk about continuity of transformations, we need the notion of closeness.
What does "points nearby" mean? What does "transformation doesn't tear space" mean?

This is what topology deals with — the next fundamental view of space.

Topology — the study of nearness without distances

If a set is dust, then topology is fabric. We add to points the notion of
"nearby": which points can be considered close, which — not. But we still
don't know how close — there are no distance-numbers.

This is the minimal structure for continuity. To say "a function is continuous",
it suffices to know which points are nearby. Specific distances are not needed.

In terms of "object—observer": topology is a property of the space itself,

not of the observer. Two observers with different coordinate systems will see one and

the same topology: the same holes, the same connectedness, the same boundaries. Topological
properties are invariants, not depending on the method of description.

This is precisely why topology is so fundamental: it speaks about the shape of an object,
not about how the observer records it.

Let us recall from the introduction: each branch of mathematics is a way of looking at
space. Topology sees in space only the nearness of points, but
not distances between them.

Set - topological space - metric
(points) (nearness) (distances)

Topology is the "middle": more structure than a bare set,
but less than a metric space.
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Main example: donut = mug

Donut (torus) mug
f-==-"""- 1 r
r'J - L'1 r"J L"1
| [ | [
| || | [ T
L, L. | L.J |
b ! | |
Lo ... J
One hole One hole (handle)

Topologically identical. One can continuously deform one into the other.
But the donut cannot be transformed into a mug without a handle — the hole will disappear.

Problem: We want to talk about "nearness" and "continuity", but:

e Distance does not always exist (how to measure distance between functions?)
e Sometimes distance is redundant (shape matters to us, not sizes)
e Different distances can give the same "nearness"

Solution: Define "nearness" directly, without distance.
Instead of d(x,y) < € we say: "y in a neighborhood of x"

Analogy: Metro map vs city map
e City map: exact distances, scale
* Metro map: only connections between stations
For navigating the metro, distances are not needed

Geometry: angles, lengths, distances — metric invariants
Topology: connectedness, holes, number of components — topological invariants

| Topology studies properties invariant under continuous |
| deformations (homeomorphisms). Allowed: stretching, compression, |
| bending. Not allowed: tearing, gluing. |
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Homeomorphic objects:

e T T +
| OBJECTS | TOPOLOGICAL INVARIANT |
R T e R +
| o=o=a | No holes, m:1 = 0 |
| Mug = Torus | One hole, m1 = Z |
| 0=D, B=8, A=R | Classification by number of holes |
R e R +

Topology looks at space as a frozen object.
Group looks as a dynamical system.

Four questions of topology:
1. How many holes are in the object?
Donut — one. Mug with handle — also one. They are "the same".

Sphere — none. It cannot be deformed into a donut.

2. Does the object have a boundary?
A disk has one (circle). A sphere does not. A Mébius strip — one edge.

3. Can it be cut without breaking into parts?
Cut a torus crosswise — a tube remains (one part).

Cut a sphere — it breaks into two caps (two parts).

4. Can one distinguish "left" and "right" on it?
On a Mdbius strip — no. It is non-orientable.

These are all invariants — properties that do not change under deformation.
Contrast with groups:

Group asks: What motions are possible with this object?
Topology asks: What is the shape of this object?

Group: dynamics of motion - SE(3), SO(3), Da
Topology: statics of shape - holes (mi1), connectedness (mo), Euler (x)

Both give classification — establish what is possible and what is not.
Both answer the question "what type is this object".

Example of connection: Fundamental group mi(X) is a group

that classifies loops in topological space X.
Topology and algebra meet.
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No holes (all the same): ¢, G, I,3,L,M,N,S, UV, W Z
One hole (all the same): A, D, O, P, Q, R
Two holes (all the same): B, 8

This is a complete classification of letters from a topological point of view.
The letter "0" and the letter "D" — the same object (can be deformed).
The letter "0" and the letter "C" — different objects (C has no hole).

Open Sets — Basic Concept

Definition of open set:
A set U c X is called open if for each point x € U
there exists a neighborhood of x entirely contained in U.

Equivalent formulation (for metric space):
Vx € U 3Je >0: B(x, €) cU

Boundary points: Ve > 0 ball B(x,&g) contains points both from U and from X\U
An open set does not contain its boundary points.

Examples on the number line R

| INTERVAL TYPE | VISUALIZATION | PROPERTY [

Open: each point has

(<]
=
(o}
]
o
~+
=]
=}
=
]
o
~+
[
)

"margin" inside
R T e R T +
I I | I
| closed | --@ - - | Closed: contains boundary |
| [0, 1] | 0 in 1 in | No "margin" at edges |
I I I I
R R T R e +
I I I I
| half-open | --® O- - | Neither open nor closed |
| [0, 1) | 0 in 1 not in | This happens |
I I I I
R R R +
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The same set can be open in one space
and not open in another.

Example 1: Set [0, 1)
e In R: not open (point 0 is boundary)
e In [0, »): open (no points to the left of 0, so 0 is interior)

Example 2: Set [0, %)

In space X = [0, 1] with induced topology from R:

« [0, %) is open in X (because [0, %) = X n (-1, %))

e But point 0 intuitively seems like an "edge" — this is a trap
Conclusion: When saying "open", always specify — in which space

A metric on a set X is a function d: X x X - [0, +x) such that:

i +

| (M1) d(x,y) =0 & x =y (identity of indiscernibles) |
| (M2) d(x,y) = d(y,x) (symmetry) |

| (M3) d(x,z) = d(x,y) + d(y,z) (triangle inequality) |
e +

The pair (X, d) is called a metric space.

Examples of metrics:

oo I e LR +
| SPACE | METRIC
R T Ty S +
| R | d(x,y) = |x -] I
| Rr (Euclidean) | d(x,y) = V(Zi(xi-yi)?) |
| R (Manhattan) | d(x,y) = Zi|Xi=yi| |
| Rr (sup-metric) | d(x,y) = maxi|Xi-yi] |
| Cla,b] (functions) | d(f,g) = max {x€[a,bl}|f(x)-g(x)] |
| Discrete | d(x,y) = 0 if x=y, otherwise 1 |
o A m e e e e e e +

Why metric:

e Defines the notion of "closeness" quantitatively
e Generates topology (open sets via balls)
e Allows talking about convergence: xn » X & d(Xn,x) - 0
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Let (X, d) — metric space.

Open ball: B(x, €) = {y : d(x,y) < €}
(all points closer than € to center x)

A set U is called open if:

| vx € U 3Je > 0: B(x, €) ¢ U |

| |

| "For each point x from U there exists a ball centered at x, |
| entirely lying in U" |

R e i T +
Visually:
U — open V — not open
[t 1 [t 1
| r---9 | | ®----+ « point on
| | @ | ball | | no | boundary,
| L...J inside | | ball | ball won't
| | | | fit
L J le oo e J

Closed set = complement of open
F closed < X \ F open

Equivalently: F contains all its limit points.
(If a sequence from F converges, the limit is also in F)

Examples in R:

[0, 1] closed (R\ [0,1] = (-»,0) U (1,+x) — open)
{0} closed (single point — degenerate case)

[0, +x) closed (half-line with included endpoint)
0) not closed (v2 — limit point, but v2 € Q)

Attention: "Not open" # "Closed".

[0, 1) — neither open nor closed
@ — both open and closed (the only such: @ and entire X)
R — both open and closed
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For any set A ¢ X:

Int(A) = interior = largest open subset of A
={x €A : J= >0, B(x,g) ¢ A}

CL(A) = closure = smallest closed superset of A
= A u {all limit points of A}

oA = boundary = CL(A) \ Int(A)

= points in any neighborhood of which there are both A and non-A

Example: A = (0, 1]

_______ C ._______
0 1
Int(A) = (0, 1) — removed point 1 (it's on boundary)
ClL(A) = [0, 1] — added point 0 (limit point)
dA = {0, 1} — two boundary points
Connection:
A open < A = Int(A) < A does not contain its boundary
A closed & A = CL(A) < A contains its boundary

Topological space — abstraction

Idea: forget about metric, keep only "open sets"
Observation: All properties of continuity can be expressed through open
sets, without mentioning distance.

Idea: What if we directly specify which sets to consider "open"?
Not derive from metric, but simply declare.

Need rules so that "open" sets behave reasonably.

A topology on set X is a family t € P(X) of subsets of X,
satisfying three axioms:

| (Tl) e €t and X € T
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Empty and entire space are open |

I
(T2) Ui, Uz €1 = UrnUz €T |
Intersection of two open sets is open |
(by induction: finite intersection of open sets is open) |

(T3) {Ui}i€Il c t = |J:i€I Ui € T |
Union of any family of open sets is open |
(even infinite, even uncountable) |

The pair (X, t) is called a topological space.

Elements of t are called open sets.

Why such axioms

These axioms are derived from properties of open sets in metric space:
(T1) Obvious: everywhere there is "margin", nowhere there is "margin"

(T2) If in Ui there is a ball of radius €1, and in U2 — of radius €2,
then in intersection there is a ball of radius min(€:1, €2)

Why only finite? For infinite intersection min can be 0.
Example: (Jn (-1/n, 1/n) = {0} — single point, not an open set.

(T3) If a point is in some Ui, it has a ball in this Ui,
so in the union there is also a ball. Works for any family.
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I I I
| Discrete | ALl subsets: | Points "far" |
| (maximal) | 2,{a},{b},{c},{a,b}, | from each other, |
| | {a,c},{b,c},{a,b,c} | each isolated |
I I I I
R e R TP +
I I I I
| Antidiscrete | Only @ and X: | Points "glued", |
| (minimal) | {#, {a,b,c}} | indistinguishable |
I I I I
R e R P +
I I I I
| Intermediate | {#, {a}, {a,b}, {a,b,c}} | a "open", |
| (example) | | ¢ "closed" |
I I I I
R e P +

T={UcR:Vx €Ude>0: (x-g, xte¢) ¢ U}
Open sets = those where each point is surrounded by an interval.
Topology base:
No need to describe all open sets.
Sufficient to specify a base — a collection of "building blocks" from which

all other open sets are obtained by unions.

For R: base = all open intervals (a, b)
For Rn: base = all open balls B(x, €)

Important: Standard topology on R is generated by metric d(x,y) = |x-y|
But one can define other topologies on the same R.
Metric - Topology (but not conversely)
Any metric d on X generates a topology:
tTd={U:Vx €U 3Je>0: Bd(x,eg) ¢ U}

But not every topology is generated by some metric.
(Such topologies are called "metrizable")

Example of non-metrizable topology:
Antidiscrete on X with |X| > 1: cannot separate points by balls.

Different metrics can give the same topology:

On R2: di(x,y) = [x1=y1| + |Xx2-y2| (Manhattan)
d2(x,y) = V((x1-y1)2 + (x2-y2)2) (Euclidean)
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do(x,y) = max(|xXi=y1|, [xz2=y2]) (Chebyshev)

Balls of different shapes: ¢ (di1) o (d2) O (dew)
But the topology is one. The same sets are open.

< ©) O
/\ /\ -t
/ 0\ I ||
N/ [ ||
\/ \/ -t

Topologically equivalent (homeomorphic as balls)

Problem: Not all topological spaces are "good".
In antidiscrete topology two different points are indistinguishable.

Separation axioms define a hierarchy of "good" spaces:

R o m e e +
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| AXIOM | CONDITION

I

| To | For any x # y there exists a neighborhood of one of the
| (Kolmog.)| points not containing the other.

| | (Can somehow distinguish)

I

I
| T1 | For any x # y there exists a neighborhood of x not

| (Fréchet)| containing y, and a neighborhood of y not containing x.
| | Equivalently: all singleton sets {x} are closed.

I

R B T
I I

| T2 | For any x # y there exist disjoint neighborhoods:

|(Hausd.) | U3 x, V3y, UnV=owo

I |

I | X y

| | (U) (V) <« U and V do not intersect

I | - r---

I | | e | ® |

| | L___J L___J

I I

Fomm - B e L
I

| Ts T: + for a point x and closed F » x there exist

I
I

| (requl.) | disjoint neighborhoods of x and F.
I

T1 + for any disjoint closed F, G
there exist disjoint neighborhoods.

Hierarchy:
Ta (normal) c Ts (regular) c T2 (Hausdorff) c Ti c To
Why T2 (Hausdorffness) is important:
1. Uniqueness of limits:
In a Hausdorff space a sequence has

at most one limit. (Without T2 the limit may be non-unique)

2. Compact sets are closed:
In a Hausdorff space a compact subset is closed.

3. Practice:
Almost all spaces in analysis and geometry are Hausdorff.

R, manifolds, metric spaces — all T:.

Examples:
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Rm with standard topology — T2 (normal)

Any metric space — Ta

Antidiscrete topology (|X| > 1) — not even Toe
Line with doubled point — Ti, but not T:

x X NN

Urysohn's Lemma (consequence of Ta):
In a normal space for any disjoint closed
F and G there exists a continuous f: X - [0,1] with f| F =0 and f| G = 1.
(One can "smoothly" separate sets by a function)

Continuous mappings — preservation of proximity

| Definition: f: X - Y continuous < VWV € T Y: f-1(V) € T X |

| (preimage of an open set is open) |

Here f-1(V) = {x € X : f(x) € V} — preimage (not inverse function).
Preimage is always defined, even if f is not invertible.

Visualization:

X Y
R + f R L +
| r------ L | -
[ =2 (V)] | | v | VopeninyY
| Lo__ ... J | | L.__J |
R + Fommmme e +
open? open v
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| €-86 (analysis) | Ve>0 36>0: d(x,Xxe)<bd = d(f(x),f(xoe))<e |
| | "image arbitrarily close for close argument" |

| Topological | Preimage of an open set is open |
| | "neighborhood of image < neighborhood of argument" |

Why topological? Works without metric.

Examples and counterexamples

R R I m e e e +
| FUNCTION | CONTINUOUS? | WHY |
oo R R +
| f(x) = x? | YES | Preimage of (a,b) open |
| f(x) = sin(x) | YES | Smooth - continuous |
| f(x) = |x] | YES | At each point cont. |
| f(x) = IxI | no | Preimage not open |
| f(x) = 6(x) (Heavi) | NO | Discontinuity at x=0 |
oo Fm e e R +

Problem at point 0: jump.

Homeomorphism — topological equivalence

Definition:
Homeomorphism f: X - Y is a bijection, continuous in both directions:

1. f is a bijection (one-to-one correspondence)
2. f is continuous
3. f-* is also continuous

If there exists a homeomorphism X - Y, we write X = Y ("X homeomorphic to Y")

Meaning: X and Y have the same topological structure.
They differ only in "names" of points.

Imagine an object made of very viscous liquid (dough, plasticine, resin).
Homeomorphism is a slow deformation, in which:

e Material flows, changes shape
e But doesn't tear (can't create a hole)

e and doesn't glue together (can't fill a hole)

Donut - mug: dough "flows over", hole is preserved
Donut - sphere: impossible without tearing (hole must disappear)
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This intuition connects topology with hydrodynamics:
e Homeomorphism = result of infinitely slow incompressible flow
e Topological invariants = that which is preserved under any flow
e Diffeomorphism = smooth flow (without "folds")

Why is continuity of f-! needed?

A continuous bijection is not necessarily a homeomorphism.

Counterexample:

X [0, 2n) with usual topology (half-interval)
Y = S? circle
f(t) = (cos t, sin t)

[0-----mmmm--- 2m) f f------ 1
° .o / e \
I I t |
+-- stretches onto circle | start |
\ /

L J

f is a bijection v
f is continuous v
f-1 is not continuous x

Why? When going around the circle, approaching the starting point,
f-1 makes a jump: .- 2n-€ - 0 (discontinuity)

[0, 2n) and S are not homeomorphic, although there is a continuous bijection.

(06, 1) =R via f(x) = tan(n(x - 1/2))
Open interval o entire line

n

(0, 1) (0, o) via f(x) = x/(1-x)

Circle = Square "Inflate" square to circle

Rz \ {0} = S*'xR Plane without origin  Cylinder
(polar coordinates: (r,8) » (6, 1n r))

Not homeomorphic:

[0,1] # (0,1) Closed interval # open (different number of endpoints)
St z [0,1] Circle # segment (segment has endpoints)
Sz T2 Sphere # torus (different number of holes)

122



| EQUIVALENCE | WHAT IT PRESERVES | SQUARE |

Isometry
(most strict)

n
o
>
—

<
~+
o

-
—~+
%]
@
—
—
~
A
o
~+
)]
—+
-
o
>

R R e +
I I I I
| Diffeomorphism | Smooth structure | = to circle (smooth deform.) |
I I | I
R R R e +
I I | I
| Homeomorphism | Topology | = to circle (continuous deform.) |
I I | I
R R R e T +
I I I I
| Homotopy equiv. | "Shape of holes" | = to point (can contract) |

| (most weak) | | |
I I I I
R R R e +

Connectedness — "in one piece"

Connectedness — informal description

Connected space: not representable as union of two disjoint
nonempty open sets

Connected: not connected:

(i 1 f-==""-- 1 f-=""--- 1
I I | I I
I ° I | o | | e |
I I | | I
L. J Lo ... J Lo ... J
one piece two separate pieces

Formal definition

Topological space X is called connected if
there does not exist a partition X = U u V, where:

e U, V=zo (both nonempty)
eUNnNV=ogo (disjoint)
e U, VET (both open)
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Equivalently: the only sets that are simultaneously
open and closed are @ and X.

Meaning: Cannot "cut" X into two open pieces.
Between any two points there is a "topological path".

Examples
Connected:
[0, 1] Any partition into open sets is impossible
(0, 1) Also connected
R Connected
Rn Connected for any n

S, S2, S All spheres are connected
Disk, ball Connected

Not connected:

(0,1) u (2,3) Two intervals = two pieces
U= (0,1), V= (2,3) — partition

Q Rational numbers are not connected
Partition: {q < v2} and {q > v2}
(both open in induced topology)

R\ {0} Line without zero = two rays
U= (o, 0), V= (0, +x)

{0, 1} Two isolated points (discrete topology)
(discrete) U= {0}, V={1} - both open

X is path connected if any two points can be connected by a path:
Vx, y € X 3y: [0,1] » X continuous, y(0) =x, y(l) =y
Relationship:
Path connected = Connected (always)

Connected = Path connected (for "nice" spaces, but not always)

Counterexample (topologist's sine curve):

IA

A = {(x, sin(1/x)) : x >0} u {(0, y) : -1 =y 1}

gl N N
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—e--H Lo Lo L. oscillates infinitely
| as x - 0

vertical
segment

This is connected (in topological sense)
But not path connected: no continuous path from sine curve to segment

Connected component of a point x — maximal connected subset
containing x.

Properties:
e X decomposes into disjoint connected components
e There can be finitely many, countably or uncountably many components

Examples:
R\ {0} — two components: (-», 0) and (0, +)
Z (discr.) — countably many components: each point separately

Cantor set — uncountably many components (each point — a component)

Ho in homology counts connected components:
Ho (X) = Z%, where k = number of components

Compactness — finiteness in infinity

Problem: On infinite or non-closed sets many theorems break.

e f(x) x on (0, +x): no maximum and minimum
e f(x) 1/x on (0, 1): continuous, but unbounded
e A sequence in R can "escape" to infinity

Solution: Compactness — a property guaranteeing "finitely-like"
behavior on infinite sets.

Analogy with thermal engineering:

Compact space — like a bounded system without "leaks".
Energy cannot "escape to infinity".

125



Covering of a set X — a family of sets {Ui}i€I such that X ¢ |J: Ui
Open covering — covering by open sets.

Definition:

| X is compact if from any open covering one can choose |
| a finite subcovering.

I
| V{Ui}i€I open covering of X |
| 3 finite J c I: X < |Ji€J U; |

Compactness: any open covering has a finite subcovering
No matter how finely we cover it, finitely many suffice.

Example: Why [0,1] is compact, but (0,1) is not

(0, 1) is not compact:

Covering: Un = (1/n, 1) for n =2, 3, 4,

Uz = (1/2, 1) } }
Us = (1/3, 1) t }

Ua (174, 1) + t

Un Un = (0, 1) — covering v

But any finite subcovering U {n:}, ..., U {n«}
covers only (1/N, 1), where N = max(ni,...,n«).
Points (@, 1/N) are not covered. x

[0, 1] is compact:
The same covering {(1/n, 1)} does not cover [0,1] — does not contain 0.
Any covering of [0,1] must contain a neighborhood of 0 and a neighborhood of 1.
This "closes" the construction, allowing to choose a finite subcovering.
(Formal proof: Heine—Borel theorem)

Intuition: (0,1) is non-compact not because it's "large" — it is bounded.
The problem is absence of edges: coverings can "leak" to the boundary,

requiring infinitely many sets to "catch up" points near 0.
Closedness adds edges to which coverings "stick".
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e R +
| In Rr: X is compact < X is closed and bounded |
e R +

Warning: This is true only for R". In a general topological space
closedness + boundedness does not guarantee compactness.

Counterexample (critical for functional analysis):
Unit ball B = {f € L2: |[f|| = 1} in infinite-dimensional L2:
* Closed? Yes
* Bounded? Yes
* Compact? No
The sequence en(x) = sin(nnx) is bounded, but has no
convergent subsequence in LZ2.

This breaks intuition from Rn. In infinite-dimensional spaces
weak compactness or additional conditions are needed.

Important: Although the ball B is non-compact in the strong (norm) topology,
it is weakly compact (Banach—Alaoglu theorem). This is critically important
for calculus of variations: minimum of energy exists precisely

thanks to weak compactness.

Why this is a catastrophe for an engineer:

Weierstrass theorem: "continuous function on a compact attains min".
But if the space is non-compact — the minimum may not exist.

In infinite-dimensional optimization problems (calculus of variations,
neural network training) this means:

* We descend a "slope", but there is no bottom

* Minimizing sequence fn "escapes to infinity"

e The function becomes ever thinner and taller, ceasing to be a function

Solution: add regularization ([|f'|? = C), which makes
the admissible set compact in the weak topology.
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Examples in Rn:

o o o o +
| SET | CLOSED? | BOUNDED? | COMPACT? |
T T R R +
| [0, 1] | Yes | Yes | Yes |
| (6, 1) | No | Yes | No |
| [0, +x) | Yes | No | No |
| N= {1, 2, 3, ...} | Yes | No | No |
| Unit ball D2 | Yes | Yes | Yes |
| Sphere S? | Yes | Yes | Yes |
| Rn | Yes | No | No |
| {1/n : n € N} | No | Yes | No |
| {0}u{l/n : n € N} | Yes | Yes | Yes (added 0!) |
R T Fomm o oo +

Properties of compact spaces

R R +

| PROPERTY | FORMULATION |

e e +

I I I

| Image of compact | f: X - Y continuous, X compact |

| | = f(X) compact |

I I I

R e +

I I I

| Weierstrass theorem | f: X - R continuous, X compact |

| (Key to optimization) | = f attains max and min |

I I I

R L +

I | I

| Closed c compact | X compact, F ¢ X closed |

| | = F compact |

I | I

dmmme e mmeee e eaaaa Fmmmeemeemeeeeemeeeeeiecesemeeaaaaaa- +

I | |

| Compact in Hausdorff | Y Hausdorff, X ¢ Y compact |

| | = X closed in Y |

I | |

o o e e ieaoa +

I I I

| Tychonoff theorem | X, Y compact = X x Y compact |

| | (works for any product) |

I I I

R e +
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Applications of compactness

R T e T +
| AREA | HOW IT IS USED |
R R e +
| Optimization | On compact extremum exists (Weierstrass) |
R R P +
| Numerical methods| Convergence via subsequences |
R R e +
| Physics | Compact phase space = closed system |
R R e +
Thermodynamics:

Finite reservoir (compact domain) vs infinite medium.
Properties of solutions of the heat equation depend essentially
on compactness of the domain.

Topological invariants — how to distinguish spaces

Problem: how to prove that spaces are different?
Homeomorphism shows that spaces are the same.
But how to prove that a homeomorphism does not exist?

Idea: Associate with a space a number or group (invariant).
If invariants are different — spaces are definitely different.

Invariant = property preserved under homeomorphisms.
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Simple invariants

oo o +
| INVARIANT | APPLICATION

R R e +
I I I
| Number of points |X]| | |X] # |Y] = Xz Y (for finite) |

I I I
A R e PR +

Connectedness X connected, Y not = X &Y

| I
| I
| Example: (0,1) # (0,1)u(2,3) |
| I

I
X compact, Y not = X & Y |
Example: [0,1] # (0,1) |

I

Problem: These invariants are too coarse.
S! and S? — both connected and compact, but different. Need more subtle invariants.

Main (subtle) invariants

R e R +
| INVARIANT | WHAT IT MEASURES |
R e +
| 2 (fund. group) | "Group of loops" — distinguishes S! from S2 |
| x (Euler char.) | V- E+ F — "mesh" number |
| Hn (homology) | "Holes" of different dimensions |
dmmme e mmee e eeme e aaaaa fmmmemeeemeeeeemeeeeeieeeeeieeeemeaaaaa +

Intuition: Imagine that you tied a rope to a point and went walking
around the space. You returned to the start. Can you shrink the rope to a point,
without breaking and without leaving the space?

On plane: on plane with hole:
[ 1 [ 1
/ \ / @ \ « hole
I L I I/ N\ |
| start | || |1
\ / \\ //
L J L
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Can shrink - loop Cannot shrink - loop
"trivial" "nontrivial"
Formal definition:

Loop in X with base point xo is a continuous map
y: [0,1] » X, where y(0) = y(1) =

Two loops y and & are called homotopic (y = 6), if one can be
continuously deformed into the other, without breaking and without releasing xo.

Homotopy = family of loops H(s,t), where:

e H(O,t) = y(t) — start with y
e H(1,t) = 6(t) - end with &
e H(s,0) = H(s,1) = xe — base point is fixed

Fundamental group:

mi (X, Xo) {loops in X from xe} / {homotopy}

set of homotopy classes of loops

Group operation:

[yl - [8] = [y * 8]

where y * &8 = "first traverse y, then 8":
[ y(2t) ifostssk
(y*6) (t) = {
| 6(2t-1 ifi<stsl

e Identity element: constant loop [Xo]
e Inverse element: [y]-! = [y-'], where y-*(t) = y(1-t)
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Examples of fundamental groups

plane)

but traversed twice — contracts

R LT T R L

| SPACE | m | EXPLANATION

I R R e

I I I

| Rr (any n) | {e} (trivial) | Any loop can be shrunk to a point |

I I I

R R R R e

I I I

| Sr for n = 2 | {e} (trivial) | On sphere (n=2) any loop

| (sphere) [ | contracts (no "holes")

I I I

I B R

I I I

| S* (circle) | z | Loops are classified by winding

| | | number: ..., -2, -1, 0, 1, 2,...

| | | n>0: counterclockwise

| [ | n<0: clockwise

I I I

e R R

I I I

| T2 (torus = donut) | Z x Z | Two independent loops:

| | | "around hole" and "through hole"

I I I

| I I R 1

| I |/ - \

I I |1 | e=-] | < loop a

| | I R

I I I\ /< loop b

| | | b .

I I I

R R R e

I | I

| Rz \ {0} | 7 | Plane without point = circle

| (plane without 0) [ | Loops = windings around hole

I | I

dmmme e mmee e eeme e aaaaa L T T R ey T Ty

I | I

| "Figure eight" | F2 | Free group on 2 generators

| St v St | (free) | Noncommutative: ab # ba.

I | I

R LT T R L
I

RP2 (projective | 2/2 There is a loop, not contractible, |

I
I
+
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Circle St {e~{i6} : 6 € [0, 2m)} c C
Base point: xo = 1 (at 6 = 0)

Loop with n windings: yn(t) = e~{2mint}, t € [0,1]

=0: vyo(t) 1 (staying in place)

=1: vyi(t) e™{2nit} (one winding counterclockwise)
= -1: y-1(t) = er{-2nit} (one winding clockwise)

=2: vyz2(t) = e*{4nit} (two windings counterclockwise)

5 S5 S5 S

Theorem: yn = yn & n =m

Intuitively: cannot "unwind" a winding without breaking the loop.
Group operation: [yn] * [ym] = [Yn+nm]

This is exactly the group (Z, +)!

Corollary: S* # S? (sphere)

mi(St) = Z # {e} = m1(S?)
Different groups = spaces are not homeomorphic.

1. Topology: Distinguishing spaces
mi(X) # ma(Y) = X &Y

2. Borsuk-Ulam theorem:
On the surface of the Earth there are two antipodal points with identical
temperature and pressure. (Related to the fact that mi (RP?) = Z/2)

3. Knot theory:
m1(R3 \ knot) distinguishes knots (which knots can be untied?)

4. Physics:
e Defects in crystals are classified by m:
e Vortices in superfluid helium: mi(parameter space) = Z
e Magnetic monopoles: m2(parameter space)

5. Coverings:

Covering spaces o subgroups of m
Universal covering o m1 = {e}
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M1 measures "holes for loops". But what if we use spheres?

m1(X) — classes of maps S - X (loops)
mz2(X) — classes of maps S? - X (spheres)
mn (X) — classes of maps S" - X (n-spheres)

Examples:

R e +
| GROUP | VALUE |
R R +
| m1(S*) = Z | Loop can go around circle n times |
| m1(S?) O | On sphere any loop contracts |
| m2(S?) =7 | S? can "wrap" S? an integer number |
| m3(S?) = Z | Hopf fibration. (unexpectedly # 0) |
| mn(S") = 7Z | Identity map generates |
Fomm e R +

Deep fact: ms(S?) =7 # 0
This means that a 3-sphere can be nontrivially mapped onto a 2-sphere.
This map is called the Hopf fibration: S3 - S2 with fiber St.
Each point of S2 is a circle in S3.
In physics:
e M2 — classification of magnetic monopoles

* ms — classification of instantons
* Hopf fibration — related to electron spin

Intuition: Homology answers the question "what holes are in the space?"
Ho counts connected components (how many separate pieces)

Hi1 counts tunnels (holes through which one can thread a rope)
H2 counts cavities (closed voids, like inside a ball)

Cycle = closed contour (beginning coincides with end)
Boundary = contour that bounds some region

Example on plane with hole:
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I | I
| Ny | r--- |
|1 e Je----- I |/ A
I\ / I (I |e----- I
I | N/ |
omm e + | L..J |
Y goes around hole @ R e +
6 does not go around hole
y — cycle, but not boundary 6 — cycle and boundary

(cannot "fill" — there's a hole) (can be filled with disk)
Hi = {cycles} / {boundaries} = "cycles that cannot be filled"

For plane with hole: Hi1 = Z (one generator — going around hole)
For ordinary plane: Hi = 0 (all cycles can be filled)

The idea of homology is to translate geometry into linear algebra.
The space is cut into simple pieces, the pieces are written as
formal sums, and the question "is there a hole?" turns into

the question "is a system of linear equations solvable?".

Step 1: Cutting into simplices

Simplex — minimal "brick" of each dimension:

* O-simplex = point °
e 1-simplex = segment o---0
e 2-simplex = triangle A

tetrahedron a

e 3-simplex

Any "decent" space can be cut into simplices,

glued along entire faces. Gluing of two simplices is their
union, where the common part is an entire face

of some dimension. The result is a simplicial complex.

Step 2: Orientation — where signs come from
For the algebra to work, simplices must be oriented:
e Point: sign + or -
e Segment: direction chosen (start - end)
e Triangle: direction of traversal (clockwise or counterclockwise)
e Tetrahedron: consistent orientation of faces
Orientation is not decoration, but necessity. Without it, it's impossible

to define signs, and the whole construction falls apart. Changing orientation
is equivalent to multiplication by -1.
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Key property: when gluing two oriented triangles

along a common edge, this edge enters each triangle

with opposite orientations — and cancels in the sum.

A1l internal edges disappear, only the external boundary remains.

A A---D

/ \ gluing along /\/ d
/ -\ edge AC: / =\ (

= external contour
AC cancelled)

Step 3: Chains — formal sums

Chain of dimension k is a formal sum of oriented
k-simplices with integer coefficients:

C = Ni0: + N202 + ... + NnOn, ni € 7Z
Coefficient ni = -1 means the same simplex with reverse orientation.
The set of all k-chains is denoted Ck. This is an abelian group:
e (AB + BC) + (CD) = AB + BC + CD
e Zero chain: 0
e Inverse: —(AB) = BA (reverse orientation)
Step 4: Boundary operator 9
Operator o0 takes the oriented boundary:
d(segment AB) = B — A (end minus start)
d(triangle ABC) = BC + CA + AB (traversal along boundary)
/ \ A = AB + BC + CA
/ \ (closed contour)
d(tetrahedron ABCD) = BCD - ACD + ABD - ABC (four faces with signs)
Properties of o:
e Linearity: d(ci1 + C2) = dc1 + 9C2
* Dimension reduction: 9: Ck - Ck-1
e 90 = 0 (boundary of boundary is empty)
The last is not magic, but a consequence of orientation. Let's check:

d(0 aABC) d(AB + BC + CA)

(B-A) + (C-B) + (A-C)
=0 v

Each vertex enters exactly twice: as the start of one edge
and as the end of another. The signs are opposite — everything cancels.
This works in any dimension: dx-1 o dx = 0.

Step 5: Chain complex and homology
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In total we have a sequence of groups and operators:
. = Ck+1 »0k+1 Ck -9k Ck-1 - ...

From 00 = 0 follows: Im(ok+1) £ ker(dx). Every boundary is a cycle.
Question: is the converse true? Is every cycle a boundary?

If yes — there are no holes. If no — "extra" cycles are the holes.
Zx = ker(d«) — cycles (chains without boundary)
Bk = Im(dk+1) — boundaries (chains that are someone's boundary)
Hk = Zx / Bk — k-th homology group

Hx measures the gap between "being a cycle" and "being a boundary".
If Hck = 0 — all k-cycles are boundaries (no k-holes).
If H« # 0 — there are cycles that cannot be filled.

Connection with linear algebra: 9« is a matrix (huge, sparse,

almost all elements 0, the rest +1). Cycles = kernel of matrix.

Boundaries = image of another matrix. Homology = kernel/image.

The whole problem reduces to linear algebra, though the matrices are gigantic.

Example: torus T2
Hi(T2?) = Z ® Z — two independent generators:
[meridian] and [parallel]. Any cycle on the torus is homologous to

n-[meridian] + m-[parallel] for integers n, m.

Meridian — cycle (closed), but not boundary: it cannot be
"filled" with a disk while remaining on the surface of the torus.

Examples:

Fomm e R ek +
| SPACE | Ho | Hx | Hz | INTERPRETATION |
T R e LD R R ey +
| Point | z | © | © | 1 piece, no hole |
| Circle S? | 2z | 7z | © | 1 tunnel |
| Sphere S? | z | © | Z | 1 cavity |
| Torus T2 | Zz | Zez | Z | 2 tunnels,l cav. |
| Donut (solid) | 2z | 7z | © | 1 tunnel |
R T s e R T +

Connection with Euler characteristic:

X = rank(Hoe) — rank(Hi1) + rank(Hz2) - ...

i n
=
N ©
+ +
I
i n
o N

For sphere: ¥
For torus: ¥
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Homology: "what closed surfaces are there in the space?"
Cohomology: "what forms can be integrated over these surfaces?"

Intuition:

Suppose we have a 1-form w (like df = "gradient").
The integral | y w depends only on the class of y in Hi.

If y1 = y2 (homologous), then [ yi1 w =] y2 w.
Closed vs exact form:

Closed form: dw = 0
Exact form: w = df for some function f

Exact = closed (because d? = 0)
But not conversely. On spaces with holes there are closed
but not exact forms.

Example — d6 on the circle:

The form d6 on S is closed (d(de) = 0).
But | {S'} d6 = 2m = 0.

If do = df, then | {S'} d8 = f(end) - f(start) = 0.
Contradiction. Therefore d6 is not exact on S?.

de Rham cohomology:

H% dR(M) {closed k-forms} / {exact k-forms}

= "forms that cannot be represented as df"
Pairing (de Rham's theorem):
(0, y) = [ yw - integral of form over cycle
This gives an isomorphism: HX dR(M) = Hk (M; R)*

Cohomology = "linear functionals on homology"
(duality in action)

Idea: Build spaces from simple pieces — cells (disks).
Like LEGO: start with points, attach segments, then disks, etc.

Cells:
0-cell = point °
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1-cell = open interval ®------- ® (endpoints — 0-cells)

2-cell = open disk O (boundary — 1-cells)

n-cell = open n-disk (boundary — (n-1)-cells)
"Attaching" — what does it mean:

Take an n-disk D" and map its boundary oD" = Sn-?
to an already constructed skeleton X~(n-1).

New space = X*(n-1) u f D (gluing along f: Sr-* - X~(n-1))
Example: how to construct the sphere S?
Method 1 (minimal):

Step 0: One 0-cell (point) e
Step 2: Attach a 2-cell, entire boundary goes to this point

® ---------- » O
(point) (entire boundary (result = S?)
collapsed

to a point)
S2 = 1 zero-dimensional cell + 1 two-dimensional cell
Method 2 (like a globe):

poles (0-cells) + 1 meridian (1l-cell) +
hemispheres (2-cells)

Example: how to construct the torus T2

Torus = square with opposite sides glued:

a -------- > a After gluing:
| | [m------ 1
b | | b / \
| | | r----- 1
v v | |
a -------- > a \L ----- J/
O, J
T2 =

1 point + 2 loops (a and b) + 1 square
1-(0-cell) + 2-(1l-cell) + 1-(2-cell)

Why CW-complexes:

1. Easy to compute homology: H n depends only on n-cells and (n+l)-cells

2. Euler characteristic: x = (number of 0-cells) - (number of 1-cells) + (number of 2-cells)
3. Many spaces have a simple cellular structure

For S2: x =1-0+1=2

For T2: x =1-2+1=20
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Question: In how many essentially different ways can one map
one sphere to another?

mn(S™) = classes of mappings S™ - S™ (up to deformation)
Simple cases (intuition works):

mi(S') = Z: A loop on the circle can wind 0, 1, 2, ... times.
The winding number is an integer.

m1(S%?) = 0: Any loop on a sphere can be contracted to a point
(no "hole" to catch on).
Mn(S") = Z: A sphere onto itself can be "wrapped" an integer number of times.

(Degree of mapping)

It would seem: the 3-dimensional sphere is "larger" than the 2-dimensional one. Any mapping
S3 - S2? must compress the extra dimension, everything should contract.

But no. There exists a nontrivial mapping — the Hopf fibration:
h: S3 - S2, where the preimage of each point is a circle S?

Imagine: S3 is "ruled" by non-intersecting circles,
and each circle corresponds to a point on SZ2.

S3 = |J (circles), 1indexed by points of S?
These circles are linked with each other. Any two are like links of a chain.

Picture (two linked circles — fibers over two points of S?):

——
/ \
/o i |
|/ \ \
| | e | \
\ \ fiber / |
\ \ over p:/ | - fiber over p2 € S?2
\—— | passes through the
\ | fiber over pi;
\ ° / they cannot be
\ fiber / separated
\ over pz2/ continuously
9
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Fibers form torus-like surfaces nested inside each other like rings.
Every pair of fibers (over distinct points p, q € S?) has linking
number exactly 1 — this is what makes [h] € m3(S?) nontrivial:

the map cannot be "untangled" to a constant.

Physics: The Hopf fibration describes the topology of electron spin.
Also: gauge fields, Dirac magnetic monopoles, instantons.

Table of groups mn+k(S"):

I e ommmm o oo I +
| K\n | 1|2 |3 | 4 | 5 [« |
I e ommmm o oo I +
|6 | z2|z |z | Z |z |z |
| 1 | | 2 | 2= | Z2 | Z2 | 72 |
| 2 | 0 | Z2 | 22 | Z2 | Z2 | Z2 |
| 3 | © | Z2 | Z12 | Z0Z12 | Z24 | Z24 |
PR e T N oo +

Column o — stable groups: for n = k+2 the answer doesn't change.
Why such strange numbers (Zi2, Z24)7?
This is a deep result. Where does 24 come from? Connection with:
e 24 = dimension of the Leech lattice (coding theory)
e 24 divisors of modular forms (number theory)
e 24 in Riemann's formula for C(-1) = -1/12 (via 2-12 = 24)
Homotopy groups of spheres are a window into deep connections of different areas of mathemat:

Suspension X: we take a space X and "suspend" it:

X = (X x [0,1]) / (Xx{0} ~ point, Xx{1} ~ point)
= "two cones, glued along X"

Example: 2S°® = S! (two cones over two points = circle)
2S! = S?2 (two cones over a circle = sphere)
ZSn = Sn+1
Freudenthal Theorem:
Suspension induces a homomorphism: X: TMn+k(S") - Tn+k+1(S"*1)
For n = k+2 this homomorphism is an isomorphism.
Here k is the "stem" (k = index of homotopy group minus n).
Example: m3(S%) - ma(S3) -» ms(S*) - ... — all have stem k=1.

Condition: n = k+2 = 3. Starting from n=3 (i.e. ma4(S3)) the group
stabilizes = Z».
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Stable groups m«s:
ks = 1lim Ma+k(S") as n » o«

These are the "true" invariants, purified from dimensional effects.
Computing m«s is one of the main problems of algebraic topology.

Computation tools:
* Hurewicz Theorem: relates mn and Hn for "nice" spaces
* Exact sequences: relate n for fibrations F - E - B

e Spectral sequences: systematic computation method
e Eilenberg—MacLane spaces K(G,n): standard building blocks

Definition (for polyhedra):

XxX=V-E+F

V = number of vertices

E = number of edges

F = number of faces
Examples:
R B i R &
| FIGURE | vV | E | F | x|
R LT R s R &
| Tetrahedron | 4 | 6 | 4 | 2 |
| Cube | 8 | 12 | 6 | 2 |
| Octahedron | 6 | 12 | 8 | 2 |
| Dodecahedron | 20 | 30 | 12 | 2 |
I

Icosahedron | 12 | 30 | 20 | 2 |
Fommmmmeaaa T TN SRR SRR

Euler's Theorem: For any convex polyhedron x = 2.

Moreover: x is a topological invariant. Depends only on the "shape"
of the surface, not on the subdivision into faces.

142



Euler characteristic of surfaces:

e T o e e e e +
| SURFACE | x | EXPLANATION |
R R R e +
| Sphere S2 | 2 | "Ball": no holes |
R e e +
| Torus T2 (donut) | © | One "hole" |
N R R e +
| Double torus | -2 | Two "holes"

I I I I
I R R R 1| | |
I/ - e\ | |
[ I e I I
I\ - I I
| b S | |
I I I I
e Fommmm o e +
| g-torus (genus g) | 2=2g | g "holes" |
R e Fommmm o L +
| Projective plane | 1 | Non-orientable |
| RP2 I I I
R Fommmm - L e +
| Klein bottle | © | Non-orientable, x = 0 like torus, |
| | | but m1 different. |
oo Fommmm - L +

Formula: x = 2 — 2g (for orientable surfaces of genus g)

What is genus g?
Genus = "number of holes" in the surface.
Sphere: g=0 (no holes). Torus: g=1 (one hole, like in a donut).
g-torus is obtained from a sphere by "attaching g handles".
Formally: g = (2 - x)/2 for orientable closed surfaces.

Connection with other invariants:
X =2 (-1) - rank(Hn) (via homology groups)
Applications:
e Hairy ball theorem: on S2 (x=2) you cannot comb a hedgehog
(a vector field necessarily has zeros)

e On a torus (x=0) combing is possible.
e Gauss—Bonnet formula: [ K dA = 2my (connection of curvature and topology)

Connected sum M # N (operation on surfaces):
1. Cut out a small disk from M and N
2. Glue M and N along the boundaries of these disks
Result: a new surface. Example: torus = S2 # (handle).
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Theorem (classification):
Every connected compact surface is homeomorphic to exactly one of:

Orientable:

e Sphere S? (genus 0)

e Torus T2 (genus 1)

e Double torus (genus 2)

e ... g-fold torus (genus g)

Non-orientable:
* Projective plane RP?
e Klein bottle
* ... (connected sums with RP?)
Orientability — can we define "right" and "left"?
On a sphere or torus: Yes — going around, right remains right.

On a Mobius strip: No — going around, right becomes left.

Mobius strip:

Take a strip of paper, [rmmmmmmm s 1
twist by 180° and | > o o o | <« one side
glue the ends. O J
1 glue with a twist
Result: a surface [ 1
with one side. | e I | « the same side.
L J

Klein bottle = Mobius strip, "sealed" into a tube
(cannot be embedded in R3 without self-intersection)

Invariants distinguishing surfaces:

Fmmmmemmeeee e R LT Fommmmmmeema e +
| SURFACE | x | m | ORIENTABLE? |
Fmmmmemmeeee e R LT Fommmmmmeema e +
| Sphere S? | 2 | {e} | Yes |
| Torus T2 | 0 | ZxZ | Yes |
| Klein bottle | © | other | No |
| RP2 | 1| Z2/2 | No |
T R R T +
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Problem: how to prove that two spaces are different?
Torus # sphere — this is "visible", but a rigorous argument is needed.

Solution: assign to a space a number or a group.
If the numbers are different - the spaces are definitely different.

Invariant = that which does not change under deformation (without tears and gluing).

Main invariants with explanations

Mo (connectedness)| How many pieces? If the object falls apart into parts.
| Mo(@®@ ®) =2 (two points), me(0) = 1 (one circle)

I I
m: (fund. group) | Which loops cannot be contracted to a point? |
| On the plane — all loops contract: mi1 = 0 |
| On the circle — loop around doesn't contract: mi1 = Z |
| I
| I

On the torus — two independent loops: mi = ZxZ

X (Euler) Formula V - E + F for subdivision into polygons.
Sphere: x = 2 (any subdivision)
Torus: x =0

Surface with g holes: x = 2 - 2g

I I
| Are there "two sides"? |
| Sphere, torus — YES (can be painted in two colors) |
| Mébius strip, Klein bottle — no (one side) |
I I

How many numbers are needed to specify a point?
Line: dim = 1, plane: dim = 2, space: dim=3

Bounded and closed?
Sphere — compact (finite), R — no (infinite)
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Invariant differs - spaces are definitely different.
X(sphere) = 2 # 0 = y(torus) - sphere # torus v

Invariants coincide - not yet a fact that they are the same.
Need to check other invariants or look for explicit isomorphism.

Example: How to prove that mug = torus?
X = 0 for both, mi1 = Z for both, both orientable.
But this is not a proof. Need to construct a deformation.

Set X

I
| + topology Tt (family of "open" sets)
1l
Topological space (X, T)
I

+--- Open/closed sets
| Boundary, interior, closure

+--- Continuous mappings f: X - Y
| (preimage of open is open)

+--- Homeomorphism (topological equivalence)
| (continuous bijection with continuous inverse)

+--- Connectedness (cannot be split into two open sets)
+--- Compactness (finite subcovers)

+--- Invariants (mi, Hn, X, ...)
for distinguishing spaces

Topology (nearness)

+ metric [
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